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RESUME

Soit Yy un threefold de del Pezzo de rang Picard un et de degré d > 2. Dans
cet article, nous appliquons deux points de vue différents pour étudier Yy via une
sous-catégorie admissible particuliere de sa catégorie dérivée bornée, appelée la
composante de Kuznetsov :

(i) Reconstruction de Brill-Noether. Nous montrons que Y, peut étre récupéré de
maniére unique comme un lieu de Brill-Noether d’objets stables de Bridgeland
dans sa composante de Kuznetsov.

(ii) Equivalences exactes. Nous prouvons qu’a composition avec une auto-équi-
valence explicite, toute équivalence de type Fourier-Mukai de composantes de
Kuznetsov de deux threefold de del Pezzo de degré 2 < d < 4 peut étre élevée
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a une équivalence de leurs catégories dérivées bornées. Nous obtenons ainsi une
description compléte du groupe des auto-équivalences de type Fourier—Mukai
de la composante de Kuznetsov de Yjy.

Dans une annexe, nous classons les faisceaux instanton sur les solides doubles

quartiques, en généralisant un résultat de Druel.
© 2024 Elsevier Masson SAS. All rights are reserved, including those for text and
data mining, Al training, and similar technologies.
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1. Introduction

Let Y be a del Pezzo threefold of Picard rank one, which is an index two prime Fano threefold. By [16], it
belongs to one of the five families of threefolds classified by their degree 1 < d < 5, see Section 2. By a series
of papers of Bondal-Orlov and Kuznetsov, the bounded derived category D®(Y) of these Fano threefolds
admit a semiorthogonal decomposition

Db(Y> = <ICu(Y), Oy, OY(U) = <IC“(Y)7 Qy, OY>’

where Qy = Lo, Oy(1)[—1] is a rank d + 1 vector bundle for d > 2. This paper aims to employ two
different viewpoints to extract the critical information of Y from its admissible subcategory Ku(Y'), called
the Kuznetsov component. Before that, we give the following theorem which is crucial in both directions.
Recall that the rotation functor O is an auto-equivalence of Ku(Y") sending E' € Ku(Y) to Lo, (E® 0Oy (1)).
We denote by i: Ku(Y) < D?(Y) the inclusion functor with the right and left adjoints i' and i*, respectively.
In the following, we consider the object i'Qy € Ku(Y'), which is the gluing object of the semiorthogo-
nal decomposition in the sense of [20]. As explained in [20, Section 2.2], the gluing object together with
Ku(Y) encode the information of (9#. We first show that this gluing object i'Qy is preserved by any exact
equivalence between Kuznetsov components of Y and Y, up to some natural auto-equivalences.

Theorem 1.1 (Theorem 7.1). Let Y and Y’ be del Pezzo threefolds of Picard rank one and degree 2 < d < 4,
and ®: Ku(Y) = Ku(Y') be an ezact equivalence.

(i) If 2 < d < 3, there exist a unique pair of integers my,mo € Z with 0 < my < 3 when d = 2 and
0 <my <5 when d=3, so that

B(i' Qy) = 0™ (i Qy1)[ma).

(ii) If d = 4, there exists a unique pair of integers mi,mo and a unique auto-equivalence Tp, €
Aut®(Ku(Y")) (see Section 7.3 for definition) so that
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(' Qy) = O™ o Ty, (i Qy+) ma)].
Here i': Ku(Y') < D®(Y") is the inclusion functor.

To prove degree 2 < d < 3 cases, we identify the object i'Qy via the uniqueness property' of it. Up
to rotations and shifts, we can assume any exact equivalence ®: Ku(Y) = Ku(Y') acts trivially on the
numerical Grothendieck group. Take a stable object F in Ku(Y) of the same class as i'Qy, then we show
RHom(i* O, E) is a two-term complex for all points p € Y if and only if £ = i'Qy. Combining it with
analysis of the moduli space of stable objects in Ku(Y") of class [i* O,] gives Theorem 1.1. For d = 4 case,
we use the property of second Raynaud bundles.

Then we discuss our two perspectives on categorical Torelli theorems.

I. Brill-Noether reconstruction. In [2,1], authors apply stability conditions on Ku(Y") for degree 2 < d < 3
to show that one can uniquely recover Y as a subscheme of a moduli space of stable objects in Ku(Y).
The following theorem shows that we can describe this subscheme explicitly as a Brill-Noether locus. This
generalizes the classical picture for degree d = 4, as discussed in Section 6.1.

By [38], [13] and [18], there is a unique Serre-invariant stability condition on Ku(Y') up to the action

—+ ‘
of GL, (R) for d > 2, see Section 2. Denote by M, (Ku(Y),v) the moduli space” of stable objects of a
numerical class v € N (Ku(Y)) with respect to a stability condition ¢ on the Kuznetsov component Ku(Y).

Theorem 1.2 (Theorem 6.2). Let Y be a del Pezzo threefold of Picard rank one and degree d > 2, and let o
be a Serre-invariant stability condition on Ku(Y). Then Y is isomorphic to the Brill-Noether locus®

BNy = {F € M,(Ku(Y), [i*O,]): 3k € Z such that dim¢c Hom(F[k], i'Qy) > d + 1},
where O, is the skyscraper sheaf supported at a point p €Y.

By [38], Serre-invariant stability conditions on Ku(Y) for degree d > 2 are O-invariant as well. Thus
combining Theorem 1.2 and 1.1 gives a new proof for Categorical Torelli Theorem.

Corollary 1.3 (Corollary 7.11). Let Y and Y’ be del Pezzo threefolds of Picard rank one and degree 2 < d < 4
such that Ku(Y) ~ Ku(Y’), then Y 2Y".

I1. Exact equivalences. The second viewpoint is to combine the categorical techniques developed in [29]
with geometric analysis of stable objects in Ku(Y") to show that any Fourier—Mukai type exact equivalence
of Kuznetsov components of two del Pezzo threefolds of degree 2 < d < 4 can be lifted to an equivalence of
their bounded derived categories.

Theorem 1.4 (Theorem 8.2). Let Y and Y’ be del Pezzo threefolds of Picard rank one and degree 2 < d < 4,
and let ®: Ku(Y) — Ku(Y') be an evact equivalence of Fourier—Mukai type such that ®(i'Qy) = i"'Qy-.
Then ® = f.lcuy) for a unique isomorphism f:Y — Y.

1 The object i'Qy can be viewed as a generalization of the classical notion of second Rayanud bundle over a genus two curve,
which is unique up to twisting a line bundle over the curve.

2 Let 0 = (Z,.A), then up to a shift we may assume Im[Z(v)] > 0, then we only consider stable objects in the heart A to define
the moduli space M, (Ku(Y),v).

3 Note that for any F € M, (Ku(Y), dv —w), we prove RHom(F,i'Qy) = C°[k + 1] ® C4+9[k] where § is either zero or one.
Hence there exists at most one k € Z so that dimc Hom(F'[k], i'Oy) > d+1.
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Clearly, combining Theorem 1.1 with Theorem 1.4 provides an alternative proof of Categorical Torelli
theorem for del Pezzo threefold of degree 2 < d < 4. Furthermore, we obtain a complete description of the
group Autpym(Ku(Y)) of exact auto-equivalences of Ku(Y') of Fourier—Mukai type. For a group G and a
subset S C G, we denote by (S) the subgroup of G generated by S.

Corollary 1.5 (Corollary 8.4). If Y is a del Pezzo threefold of Picard rank one and degree d. Then we have

(1) Autpm(Ku(Y)) = (Aut(Y), O, [1]) when 2 < d < 3, and
(2) Autpy(Ku(Y)) = (Aut(Y), Aut®(Ku(Y)), O, [1]) when d = 4.

Here the subgroup Aut®(Ku(Y)) is defined in Section 7.3.

We may write elements of Autpy (Ku(Y)) in a more explicit way, see Corollary 8.4. Note that by [30,
Theorem 1.3], any exact equivalence between Kuznetsov components of quartic double solids is of Fourier—
Mukai type. The same also holds for del Pezzo threefolds of degree d = 4 as Ku(Y) ~ D?(C) for a smooth
curve C. Thus in these two cases, Autpy (Ku(Y)) = Aut(Ku(Y)).

Related work. Here is the list of relevant results for del Pezzo threefolds Y, of degree d:

d =2. In [10] and [1], the categorical Torelli theorem (Corollary 1.3) has been proved for generic quartic
double solids. It has been proved for non-generic cases in [7] via Hodge theory for K3 categories.
In Theorem 1.2, we give an explicit expression for Y as a Brill-Noether locus of stable objects in
Ku(Y3), and so provide a new proof for the categorical Torelli theorem.

d = 3. In [5] and [38], the categorical Torelli theorem has been proved for cubic threefolds by reducing it to
classical Torelli theorem. In [28], the author computes the group of auto-equivalences of Kuznetsov
components of cubic threefolds of Fourier-Mukai type via a completely different method and provides
a new proof of categorical Torelli theorem for cubic threefold by constructing a Hodge isometry
between cubic threefolds. In [2], the cubic threefold Y3 has been described geometrically as a sub-
locus of a moduli space of stable objects in Ku(Y3). Theorem 1.2 gives a point-wise description of it
as a Brill-Noether locus.

d = 4. We know Yy is the intersection of two quadrics in P®, and by [35], it can be reconstructed as the
moduli space M of stable vector bundles of rank two with fixed determinant of an odd degree over
the associated genus two curve Co. We have Ku(Yy) ~ Db(Cy). As discussed in Section 6.1, our
categorical Brill-Noether locus in Theorem 1.2 matches with the classical moduli space M.

Other than del Pezzo threefolds, various versions of categorical Torelli theorems are also obtained, see [37]
for recent development. In particular, in [19] the authors provide a Brill-Noether reconstruction for index
one prime Fano threefolds, and as a result, the refined categorical Torelli theorem is proved.

In [11,39,40,32], a classification of rank two instanton sheaves and the corresponding moduli space in the
Kuznetsov component have been discussed for del Pezzo threefolds of degree d > 3. In Appendix A, we
discuss degree d = 2 case.

Organization of the article. In Section 2, we recall the basic definitions and properties of (weak) stability
conditions on del Pezzo threefolds of Picard rank one Y; of degree d and their Kuznetsov components
Ku(Yy). In particular, we introduce Serre-invariant stability conditions on Ku(Yy) and describe Ku(Yy)
for each d > 2. In Section 3, we collect results of general wall-crossing for del Pezzo threefolds which
will be used in later sections. In Section 4, we describe the moduli space of o-stable objects of the same
class as twice of ideal sheaves of lines in the Kuznetsov component of a quartic double solid. In Section 5
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we classify o-stable objects of the same class as three times of the class of ideal sheaves of lines in the
Kuznetsov component of a cubic threefold. In Section 6 we prove Theorem 1.1. In Section 7 we provide a
Brill-Noether reconstruction for a del Pezzo threefold of Picard rank one Y, with respect to Ku(Yy) and
its gluing object i'Qy,,, proving Theorem 1.2. Then we prove categorical Torelli theorem 1.3. In Section 8
we prove Corollary 1.5. In Appendix A we classify semistable sheaves of rank two, ¢; = 0,c3 = 2,¢3 =0 on
quartic double solids.
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work was finished when the third author is visiting Max-Planck institute for mathematics, IASM—-Zhejiang
University, Sichuan University and MCM—-China Academy of Science. He is grateful for excellent working
condition and hospitality.

2. Background: (weak) Bridgeland stability conditions

In this section, we briefly review the notion of (weak) stability condition on D®(Y) and Ku(Y) when
Y := Yy is a del Pezzo threefold of Picard rank one and degree d. By [16], every del Pezzo threefold of
Picard rank one belongs to the following five families, indexed by their degree d := H? € {1,2,3,4,5}:

— Y5 =P°®N Gr(2,5) is a codimension 3 linear section of Grassmannian Gr(2, 5).

— Yy = QN Q' is intersection of two quadric hypersurfaces in P°.

— Y3 C P4 is cubic threefold.

— Y3 is a quartic double solid, i.e. a double cover of P? with smooth branch divisor R € | Ops(4)|.
— Y1 is a degree 6 hypersurface of weighted projective space P(1,1,1,2,3).

2.1. Weak stability conditions on D*(Y")

For any b € R, consider the full subcategory of complexes
Coh®(Y) = {E™' L E® : pufi(kerd) <b, pp(cokerd) > b} € DU(Y) (1)

Then Coh®(Y) is the heart of a bounded t-structure on D®(Y) by [8, Lemma 6.1]. For any pair (b, w) € R,
we define a group homomorphism 7, ,,: K(Y) — C by

Zyw(E) := —chy(E)H + wcho(E)H? 4 b(H?ch, (E) — bH3ch(E)) + i(HQChl(E) - bH%hO(E)). (2)

In [27], the author defined an open region U C R? as the set of points (b,w) € R? above the curve
2
w = $b* — 2 and above tangent lines of the curve w = 3b% at (k, £-) for all k € Z.

In Figs. 1 and 2, we plot the (b, w)-plane simultaneously with the image of the projection map

II: K(Y)\{E: cho(E)=0} — R?,

Chl(E).H2 ChQ(E)H
( cho(E)H? * chy(E)H? )

E —



[(Oy (—H))
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chy. H
) ChoHS3
A
w= "t
U
(Oy (H))

> b ch,.H?

—0.5

Fig. 1. The space U when d < 3.

’ choH3

chy . H
Wy Chofs
_ b2 :
A w= %5 — %
= (Oy (H))

-1+ %

Fig. 2. The space U when d = 4,5.

> b ch,.H?
% choH?

Proposition 2.1 (/6, Proposition B.2]). There is a continuous family of weak stability conditions on D°(Y")

parametrized by U C R?, given by*

We now expand upon the above statements. The function “Tm(Zs o (B)]

the same ordering as

Vb,w (E)

where ch’? (E) := exp(—bH).ch(E).

(byw) € U ~— (Coh®(Y), Zpa).

Re[Zy,w (E)]

chs (E).H—wcho(E)H?
ch?H (E).H?

+00

for objects E € Coh®’(Y) gives

if ch(E).H? #0,
if ch??(B).H? =0,

Definition 2.2. Fix a pair (b,w) € U. We say E € D(Y) is Vp - (semi)stable if and only if

4 We replaced the pair (o, 8) with (w = %()&2 + %52, b=p).
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— E[k] € Coh®(Y) for some k € Z, and
— Upw(F) (<) vy, (E[k]/F) for all non-trivial subobjects F' < E[k] in Coh®(Y).

Here (<) denotes < for stability and < for semistability.

The image II(E) of v ,,-semistable objects E with cho(E) # 0 is outside U by [27, Proposition 3.2, so
in particular,

Ap(E) = (chl(E).H2)272(chO(E)H3)(ch2(E).H) > 0. (4)

Proposition 2.3 (Wall and chamber structure). Fizv € K(Y) with Ag(v) > 0 and ch<a(v) # 0. There exists
a set of lines {{;}icr in R? such that the segments €;NU (called “walls of instability ”) are locally finite and
satisfy

(a) If cho(v) # 0 then all lines £; pass through I1(v).

(b) If cho(v) = 0 then all lines ¢; are parallel of slope %

(¢) The vy -(semi)stability of any E € DY(Y) of class v is unchanged as (b, w) varies within any connected
component (called a “chamber”) of U \ Uier -

(d) For any wall £; N U, there is an integer k; and a map f: F — E[k;] in D*(Y) such that
— for any (b,w) € £; N 17, the objects E[k;], F lie in the heart Cohb(X),
— E is vy -semistable of class v with vy ,(E) = vy (F) = slope (¢;) constant on the wall £; N I}, and
— [ is an injection F — El[k;] in Coh®(Y) which strictly destabilizes E[k;] for (b,w) in one of the two

chambers adjacent to the wall £;. [

2.2. Kuznetsov component

The Kuznetsov component Ku(Y') is the right orthogonal complement of the exceptional collection
Oy, Oy (1) in D?(Y) sitting in the semiorthogonal decomposition

D*(Y) = (Ku(Y), Oy, Oy (H)) = (Ku(Y), Qy, Oy),

where Qy := Lo, Oy (1)[—1] is a rank d + 1 vector bundle for d > 2 (see Section 3.2 for more details).
We can identify the numerical Grothendieck group N (Ku(Y)) of Ku(Y) with the image of Chern character
map

ch: K(Ku(Y)) — H*(X, Q).

It is a rank 2 lattice spanned by the classes

1 1 1 1
v = (1, 0, —EHQ, 0) and w= (0, H, —§H2, (6 - E) H?’).

Note that v is the Chern character of ideal sheaves of lines on Y. With respect to this basis, the Euler form

on N (Ku(Y)) is represented by the matrix
-1 -1
<1 —d —d) : (5)

Consider any admissible subcategory i: C < D?(Y). It has left and right adjoints i* and i'. Similarly,
the embedding [: C+ < D¥(Y) and 7: ~C < D®(Y) has left and right adjoints. We know that any object
E € D(Y) lies in the exact triangles
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ror(E) = E —ioi*"(E) , i0i(E)— E—lol*(E).
We define the right mutation along C to be the functor
Re :=ror':DY(Y) = r(*+0)
and the left mutation along C to be
Le :=1ol*: D’(Y) — I(Ch).

By [22, Proposition 3.8], we know L¢|,(1¢) and Relyc+) are mutually inverse equivalence between the two
orthogonal *C — C+ and ¢+ — +C. Moreover,

(Le)lrtey = SpvryoroSigor™  (Re)lies) = Spiyy 0 loSer ol

Here S7 denotes the Serre functor of a triangulated category T (if it exists).
Let E € D?(Y) be an exceptional object. Then the triangulated subcategory (E) generated by E is an
admissible subcategory. The embedding functor i: (E) — 7 has the left and right adjoints

i* = E®RHom(F, E)*,  i'(F)=F ®RHom(E, F).

We will abuse notations and write Rg and Lg for the corresponding right and left mutations, respectively.
We finish this section by defining the rotation functor. [22, Lemma 4.1, Lemma 4.2] implies that the
functor

0:D'(Y) = D'(Y), O(-) = Lo, (- ® Oy (H)) (6)
is an auto-equivalence of Ku(Y'), called rotation functor. By [38, Remark 5.6], we have
Sicuiv) = O%[-3].

The rotation functor O induces an auto-isometry of the numerical Grothendieck group N (Ku(Yy)) for each
d. In particular for d = 3, we have

v 92, —2v+wi> vew 2. v
And for d = 2, we have
VL> —v—l—w& —V.

2.3. Bridgeland stability conditions on Ku(Y')

For any pair (b,w) € U, consider the tilted heart Cohgﬁw(Y) = (Fow(l], Tow) where Fy o (To) is
the subcategory of objects in Coh®(X) with y;w < b (v,,, > b). By [3, Proposition 2.14], the pair

O = (Cohg’w(XLZé{w) is a weak stability condition on D?(Y’), where 7y = —iZpw. We denote
the corresponding slope function by

Mg,w(—) = —m~

Let Cohg(X) C Coh(X) be the full subcategory consisting of zero-dimensional sheaves.
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Lemma 2.4 (/13, Proposition 4.1]). Any oy ,-(semi)stable object E € Cohg)w(Y) is Up - (semi)stable if it
does not lie in an exact triangle of the form

Fl] - E—>T

where F € Fp o 15 Vpap-(semi)stable and T € Coho(X). Conversely, take a vy ., -(semi)stable object E such
that either

(1) E € Ty and Hom(Cohy(X), E) =0, or
(2) E € Fpw and Hom(Coho(X), E[1]) = 0.

Then E is oy ,,-(semi)stable.

By restricting weak stability conditions og,w to the Kuznetsov component Ku(Y'), we obtain stability
conditions on it.

Theorem 2.5 ([3, Theorem 6.8]). For every pair (b,w) in the subset

1 1 .
V:_{(b,w)eU: ——<b<0, w<b® or 1<b<§,w§b2+b+§} c U,

N =

the pair o(b,w) = (A(b,w), Z(b,w)) is a Bridgeland stability condition on Ku(Yy) where
A(b,w) := Cohy ,(Ya) NKu(Yy)  and  Z(b,w) = Zy ,|xcu(va)-

Proof. Applying the same argument as in the proof of [3, Theorem 6.8] shows that o (b, w) is a Bridgeland
stability condition on Ku(Yy) if —1 < b < 0 and

Vo, (O, (=2H)[1]) < 1,0 (Oy, (=H)[1]) < b < v,0(Oy,) < ,u(Oy,(H)). O
On the stability manifold which we denote by Stab(Ku(Y')) we have:

(1) a right action of the universal covering space (f}\i; (R) of GL3 (R): for a stability condition o = (P, Z) €
Stab(Ku(Y)) and g = (g, M) € (/“;I:; (R), where g : R — R is an increasing function such that g(¢+1) =
g(¢)+1 and M € GLJ (R), we define o - j to be the stability condition ¢’ = (P’, Z’) with Z' = M~'o Z
and P’(¢) = P(g(¢)) (see [9, Lemma 8.2]).

(2) a left action of the group of exact auto-equivalences Aut(Ku(Y)) of Ku(Y): for & € Aut(Ku(Y)) and
o € Stab(Ku(Y)), we define ® - 0 = (®(P),Z o &), where ®, is the automorphism of K (Ku(Y))
induced by ®.

Remark 2.6. Note that all stability conditions o (b, w) for (b,w) € V lie in the same orbit with respect to
the action of Cﬁg(R) by [38, Proposition 3.5].° Hence if E € Ku(Yy) is o(b, w)-(semi)stable with respect to

some (b, w) € V, then it is o(b, w)-(semi)stable with respect to any (b,w) € V.

We now give a case-by-case investigation of the category Ku(Yy) when d > 2:

5 This is proved for V N U, but the same proof is valid for V.
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d = 5. Y5 is a linear section of codimension 3 of Gr(2,5). Let U be the restriction of the tautological rank 2
subbundle from Gr(2,5) to Y3, and let U+ = ker(Oy ® Hom(Oy,U*) — U*), then [24, Lemma 4.1]
gives

Ku(Ys) = (U, U*).

d=4. Yy is an intersection of 2 quadrics in P°. By [24, Theorem 5.1], there exists a curve C of genus 2
such that we have an equivalence Ku(Y;) = D?(Cy). Hence, there is a unique Bridgeland stability
condition on Ku(Y}) up to the action of &;(R) by [33].

d = 3. Y3 is a cubic 3-fold, and Ku(Y3) is a fractional Calabi—Yau category of dimension 2, i.e. Sf%u(yg) = [5].
Note that by [22, Lemma 4.1, Lemma 4.2], we have S,Ei(%) = O?[—3]. In this case, we only consider
Serre-invariant stability conditions on Ku(Y3), i.e. those o € Stab(Ku(Y3)) so that Siy(v).0 = 0. for
some § € (’}1; (R). By [38], all stability conditions constructed in Theorem 2.5 are Serre-invariant.
And it is proved in [13, Sections 4 & 5] and [18, Theorem 4.25] that all Serre-invariant stability
conditions on Ku(Y3) lie in the same orbit with respect to the action of CA}T_; (R).

d=2. Yy is a double cover of P3 ramified in a quartic surface, called a quartic double solid. By [25,
Corollary 4.6], the Serre functor of Ku(Y2) is Sku(y,) = 7[2] where 7 is the auto-equivalence of
Ku(Y3) induced by the involution 7 of the double covering. As the involution 7 preserves Coh(X)
and Chern characters, the stability conditions o (b, w) constructed in Theorem 2.5 are Serre-invariant,
see [38, Lemma 6.1]. Moreover, [13, Theorem 3.2 & Remark 3.8] and [18, Theorem 4.25] implies that
all Serre-invariant stability conditions on Ku(Y2) lie in the same orbit with respect to action of

~ +
GL, (R).
3. Del Pezzo threefolds of Picard rank one

In this section, we gather all results which are valid for del Pezzo threefold Y of Picard rank one and
degree d. By [23], for any E € D*(Y), we know

d+3
X((Dy7 E) = ChO(E) + HQChl(E)% + HChQ(E) + Chg(E)

8.1. Instanton bundles and their acyclic extensions

An instanton of charge n > 2 on Y is a Gieseker-stable vector bundle E with ch<s(E) = (2,0, —nHTZ)
satisfying instanton condition H'(Y, E(—1)) = 0. By [24, Lemma 3.5], for each instanton bundle E, we have
h'(E) = n — 2, thus there exists a unique short exact sequence

0—-E—E—-0r?2=0

such that F is acyclic, i.e. HY(Y, E) =0 for any i. Note that E = Lo, E and is of Chern character

H?
v = 0, -n—, 0.
n (n, , —n—-, )

Moreover, it is v} ,,-semistable for b < 0 and w > 0.

Let ¢4 be the line passing through II(nv) = (0,—3) and IOy (-H)) = (-1, 1), so it is of equation
w = f‘gidzb - é. If d = 2, then ¢4 coincides with the boundary of U, and if d > 3, then it intersects OU at
two points with b-values b < bg so that
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2

Lemma 3.1. Take a class a € K(X) with ch<s(a) =n (1, 0, 7%2) such that n < d+1. Then there is no wall

for class a above £y4. In particular, an object E € Cohb(Y) of Chern character o which is vy .,-semistable
for b < 0 and w > 0 satisfies RHom(Oy, E) = Hom(Oy, E[1])[—1] and hence chs(E) < 0.

Proof. Suppose for a contradiction that there is such a wall ¢ for class « above ¢; with the destabilizing
sequence F; — E — FEs. Let by < by be the intersection points of £ with the boundary OU. Then for i = 1,2,

ph(HTHE)) < b and by < pg (HO(EY)).
Let (r,cH) = ch<1(H ™Y (E1)) + ch<i (H71(E2)), then (r +n,cH) = ch<1(H(E1)) + ch<1 (H°(E2)), so
bo(r+n) <c < byr. (8)

Note that if rk(H~1(E;)) = 0, then H~(E;) = 0. If d = 2, then ¢, lies on the boundary dU, so we have
by < —2 and —3 < by, so (8) gives —%(r +n) < ¢ < —2r which has no solution for n < 3. If d > 3, then
combining (7) and (8) gives —d—i2(r +n) < ¢ < —r which is not possible for k¥ < d + 1.

For the second claim, we know F is semistable at the large volume limit, so Hom(Oy, E') = 0. Also the
first part implies that E is v -semistable for all (b,w) € U over £4. Since the line segment connecting
II(E) and TI(Oy(—2)) is above {4, we have Hom(E, Oy (—2H)[1]) = Hom(Oy, E[2]) = 0. And we know
that Hom(Oy, E[i]) = Hom(E, Oy (—2)[3 —i]) = 0 for ¢ # 1. Thus x(F) = —hom(Oy, E[1]) = ch3(F) <0,

]
which gives chs3(E) <0. O

As a result of the lemma below, we may identify Gieseker-stable sheaves with the large volume limit
stable ones.

Lemma 3.2. Let E be an object of class ch(E) = nv where 1 < n < d+ 2. Then E is v},,-(semi)stable
forb <0 and w > 0 (or equivalently, 2-Gieseker-(semi)stable) if and only if E is a Gieseker-(semi)stable
sheaf.

Proof. By [2, Proposition 4.8], the 2-Gieseker-(semi)stability for E coincides with v} ,,-(semi)stability for
b < 0 and w > 0. Then in the following we will show 2-Gieseker-(semi)stability for E coincides with
Gieseker-(semi)stability

It is clear that if F is 2-Gieseker-stable, then F is Gieseker-stable. Conversely, if F is Gieseker-stable but
strictly 2-Gieseker-semistable, then we can find an exact sequence 0 — E; — E — E5 — 0 such that E; are
2-Gieseker-semistable of classes ch(E;) = (k;, 0, %HQ, m;), where 1 < k; <n—1<d+1and m; € Z<o. By
the stability of E;, we have m; < 0 for any ¢ from Lemma 3.1. Since my + ms = 0, we have ch(F;) = k;v
and contradicts the Gieseker-stability of F.

And it is clear that if E is Gieseker-semistable, then E is 2-Gieseker-semistable. Now assume that E is
2-Gieseker-semistable but not Gieseker-semistable. Then the maximal destabilizing subsheaf F; of E with
respect to Gieseker-semistability has class ch(E;) = (k1,0, —%HQ,mﬂ where 1 < k1 < n and m; € Zy.
But this contradicts Lemma 3.1 as well. [

3.2. The bundle Qy and its projection

For any smooth Fano threefold Y of index 2 and degree d > 2, we define the sheaf Qy to be the kernel
of the following evaluation map
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0— Qy — Oy ®H0m(0y70y(1)) £, Oy(l) — 0. (9)
We have
1 2 1 3
Ch(QY) - d+ ]., *H, *éH y *EH . (10)

Lemma 3.3. The sheaf Qy is a pug-stable locally-free sheaf.

Proof. When the degree d of Y satisfies d > 2, Oy (1) has no base-point by [17, Theorem 2.4.5.(i)], hence
Qy is a bundle of rank d + 1. If it is not pg-stable, there is a stable reflexive sheaf Q' C Qy of bigger
or equal slope, thus pg(Q') > 0. Since it is also a subsheaf of (’);‘Eho(oym) and all stable factors of the
latter are the direct sum of Oy, we get Q' is a direct sum of Oy which is not possible as h°(Qy) = 0 by
definition. [

Consider the semiorthogonal decomposition D?(Y)=(Ku(Y), Oy, Oy (1)). We know Qy Lo, Oy (1)[-1].
Consider the embedding i: Ku(Y) — Db(Y). We know Qy € (Oy(—1),Ku(Y)), thus it lies in the exact
triangle

i'Qy = Roy (-1)(Qy) = Qy — Oy (—1) ® RHom(Qy, Oy (—1))".

The pp-stability of Qy implies that Hom(Qy, Oy (—1)[k]) = 0 for k = 0,3. Taking Hom(Oy (1), —) from
the exact sequence (9) implies that hom(Qy, Oy (—1)[1]) = hom(Oy (1), Qy[2]) = 0. Thus

hom(Qy, Oy (=1)[2]) = x(Qv, Oy (-1)) = L. (11)
Hence i'Qy is a two-term complex lying in the exact triangle
Oy (-1)[1] = i'Qy — Oy (12)

which is of Chern character ch(i'Qy) = dv. In Sections 4 and 5 we show that if d = 2 and d = 3, the object
i'Qy is Bridgeland-stable in u(Y) and it is the only such object which is not Gieseker-stable.

4. Moduli spaces on quartic double solids

In this section, we always fix Y to be a del Pezzo threefold of degree two, i.e. a quartic double solid. We
aim to classify Bridgeland semistable objects of class 2v in Ku(Y") as described in the following.

Proposition 4.1. Let o be a Serre-invariant stability condition on Ku(Y) and E € Ku(Y') be a o-(semi)stable
object of class 2v. Then up to a shift, E is either a Gieseker-(semi)stable sheaf or i'Qy .

Proof. By the uniqueness of Serre-invariant stability condition, we can assume that E € A(b,w) is a o(b, w)-
(semi)stable object of class® —2v. We divide the proof into several cases. Some lemmas used in this proof
will be presented later.

Step 1. First we assume that E is Ugowo—semistable for some (b, wy) € V. Then by Lemma 2.4, we have
an exact sequence in Cohgmwo (Y)

F[l] - E—T,

8 We put the shifted class —2v to get sure Im[Z (b, w)] > 0 for (b, w) € V.
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where F € Coh (Y) with V%7w0 (F) <band T = 0 or supported on points. Now by the ogojwo—semistability
of E, we know that F' is v, ,-semistable. By Lemma 3.1, F is vy, ,-semistable for w > 0 and chs(F') <0,
which implies T'= 0 and F[1] = E. Thus E[—1] is v} 4-semistable for w > 0, which implies that E[—1] is a
Gieseker-semistable sheaf by Lemma 3.2.

Step 2. Now we assume that F is not cr,?’w—semistable for any (b,w) € V. By Proposition 2.3, we can
assume that there is an open ball U’ C R? containing the point (b, w) = (-1, %) such that for any (b, w) €
U_11:==U'NV, we have E € A(b,w) and the Harder-Narasimhan filtration of £ with respect to Tp o 1
constant.

Let B be the destabilizing quotient object of F with minimum slope and A — E — B be the destabilizing
sequence of E with respect to Ul()),w for (b,w) € U_; 1. Hence A, B € Cohgﬂu(Y), which gives

Im(Zy,(E)) > Im(Zy,,(B)) >0, 1m(Z,,(E)) > Im(Zy,,(4)) >0 (13)

for all (b,w) € U_; 1. Since Im(Z°, ,(E)) = 0, by the continuity, we have Im(Z°  , (A)) =Im(Z°, ,(B)) =
) 22

1 1
-l —1,3

0. Therefore, if we assume that ch<s(B) = (z,yH, 2H?) for z,y,z € Z, from Im(Z°, ,(B)) = 0 we get

z = —x — 2y. Thus we have e
cheo(B) = (m yH, _‘”T_%fﬂ) . cheo(A) = <—2 — &, —yH, %fﬂ) (14)
and by (13) we get
1—20% + 2w = m(Z) ,(E)) > Im(Z),(B)) = (26° — 2w — 1)% —(b+ 1)y >0 (15)

for all (b,w) € U_; 1. Moreover, by definition we have pgyw(E) > yg’w(B) for any (b,w) € U_; 1 where

Re[Zp ,, ()]
() = gz oy thus

—2b
1—2b% + 2w

(bz —y)
(202 —2w—-1)5 — (b+ 1)y

= 1, (E) > pf,(B) = (16)

Now by (15), b < 0 and (16), we have
—2b > bx —y. (17)

On the other hand, from [3, Remark 5.12], we have

(Hbaw)  (B) = pip o (B) = min{pay , (E), 115.,(Oy), 1y (Oy (1))}

for any (b,w) € V. Note that ugl 1 (Oy) = =2, ,utll 1 (Oy(1)) = -1 and uf , (E) > 0 when (b,w) € U_4 1

’2 I s s
as Re[Zp ,(E)] = 2b < 0, thus pf ,(B) > —2. By taking the limit b - —1 and w — § and combining with
(17), we get

2>—x—y>0.
Case 1. —z —y = 0. Then (16) for —y = x gives

—2b - (b+1)
1—202+2w = (262 — 2w — 1)L+ (b+1)’
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which has no solution for (b, w) € V.

Case 2. —x —y = 1. Then ch<s(B) = (z, (—=x — 1)H, (§ + 1)H?). Since B is o} ,-semistable, Lemma 2.4
implies that ch<g(B) is a possible class for ch<y of a v, ,-semistable object B’[1] where B’ € Coh’(Y). By
[27, Proposition 3.2], the only possible cases are + = +1 and +2. Using (16), we get * = —2 and other
cases are ruled out. Then we see ch<3(B’) = (-2, H,0). But then v, ,-semistability of B for (b,w) € U_, 1
and wall and chamber structure described in Proposition 2.3 implies that B’ is v—_1 ,-semistable when
% <w < %Jre. Since there is no wall for B’ crossing the vertical line b = —1, we get B’ is vp=_1 ,,-semistable
for w > 0. Thus B’ is a uy-stable sheaf which is not possible by the following Lemma 4.2.

Case 3. —z — y = 2. Then we have ch<3(B) = (2, (-2 — 2)H, (£ + 2)H?). By [27, Proposition 3.2], we
have |z| < 3. Using (16), we get z = —3 and other cases are ruled out. Then ch<s(B) = (-3, H, $H?). We
claim that RHom(Oy, B) = 0, which implies ch(B) = (-3, H, $H?, 1 H®). Indeed, since Oy, Oy (—2)[2] €
Cohgyw(X), by Serre duality we have Hom(Oy, B[i]) = Hom(B, Oy (—2)[3 —i]) = 0 for i # 0,1. We know
WM g ) (-1,2) 119, (B) = 400, so by shrinking the open ball U’, we may assume

(t2h0) ~(A) > 1150y (B) > 1y (Oy (=2)[2]) (18)

Then oy ,,-semistability of B and Oy (—2)[2] implies that Hom(Oy, B[1]) = Hom(B, Oy (-2)[2]) = 0
Moreover, using E € Ku(Y), we have Hom(Oy, B) = Hom(Oy, A[1]). Then (18) gives Hom(Oy, A[1]) =
Hom(A, Oy (—2)[2]) = 0, so the claim follows. Then Lemma 4.3 implies that B = Qy[1] = Lo, Oy (1).

We know ch(A) = ch(Oy (-1)[2]), so lim, ,) ,(—1,1) Zy ,(A) = 0, thus if A is not o7, -semistable for any
(b,w) € U', then the destabilizing factors A; all satisfy lim, ) (—1,1) Im[Z} ,(A;)] = 0. Since by (18), we
know ,ug’w(Ai) > 0, we have Re[Zg’w(Ai)] < 0 for all 4. This implies that lim, .y (1 1) Re[Zg’w}(Ai) =0,
and so ch<z(4;) is a multiple of ch<s(Oy (1)) which is not possible. Thus A is o} , -semistable with

Hom(A, Oy (~1)[2]) = Hom(Oy (1), A[1]) = Hom(Oy (1), B) # 0.

This shows that A = Oy (—1)[2] and so E = i'Qy[l] as Hom(Qy[1],Oy(—1)[3]) = 1 by (11). Finally,
Lemma 4.4 implies the stability of i'Qy-, which completes the proof. [J

Lemma 4.2. Let F be a slope stable sheaf with ch<o(F) = (2,—H,sH? tH3). Then s < —%. And if s = —%,
then t < % Moreover, when s = —% and t = %, F is locally free.
Proof. Assume that s > —3. By [27, Proposition 3.2], we have s = 0. Thus ch<s(F) = ch<s(F"") and we
can assume that F is reflexive. Since ch; *(F) = 1, there is no wall for F intersects with b = —1. Since the line
segment connecting II(F) and II(Oy (—2)) intersects with b = —1 inside U, we have Hom(F, Oy (—2)[1]) =
H?(F) = 0. And by the py-stability we have H(F) = 0, which implies x(F) = % < 0. However, since
F is reflexive and has rank two, we get c3(F) > 0 by [14, Proposition 2.6],” which makes a contradiction.
Now we assume that s = —%. Since there is no wall for F' intersects with b = —1 and the line segment
connecting II(F) and II(Oy (—2)) intersects with b = —1 inside U, we have Hom(F, Oy (—2)[1]) = H2(F) =
0. Hence by H%(F) = 0, we see x(F) = 2t — 2 < 0, which implies ¢ < .
Finally, when s = —% and t = %,
Proposition 2.6]. O

we know F is reflexive. Then c3(F) = 0, and so F is locally free by [14,

Lemma 4.3. Let F be a pp-stable sheaf of class ch<o(F) = (3, —H,sH?), then s < —%, When s = —%, we
have ch3(F) < —+H3. Moreover, s = —% and ch3(F) = —t H® if and only if F = Qy = Lo, Oy (1)[-1].

7 Although [14, Proposition 2.6] only states for P2, it is well-known that it also works for any smooth projective threefold of
Picard rank one.
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3, since ch;% (F) = 1, and the line
segment connecting II(F) and II(Oy (—2)) intersects b = — 3 inside U, we know that Hom(F, Oy (—2)[1])) =
H?(F) = 0. Since H(F) = 0 by the pg-stability of F, we see x(F') < 0, which implies chs(F) < —+H?.
Now assume that s = —3 and ch3(F) = —§ H®. Then F is reflexive by the previous results. Thus F[1] is
Vo, w-semistable for any w > 0. Since the line segment connecting II(F') and II(Oy (2)) intersects with b =0
inside U, we see Hom(Oy (2), F[1]) = Hom(F, Oy[2]) = 0. Thus from x(F, Oy) = 4, we see hom(F, Oy) > 4.

Pick four sections and consider the corresponding extension

Proof. We know s < —% from Lemma [27, Proposition 3.2]. When s = —1

0%t - G — F[1]

Let £ be the line connecting II(F) and II(Oy). We know G is vy ,-semistable for (b,w) € £NU as F[1]
and Oy are v, ,-stable of the same slope. Moreover, Hom(Oy, F[1]) = 0. Since ch(G) = ch(Oy (1)), the
same argument as in [2, Proposition 4.20] implies that G = Oy (1). Thus F = Qy as h°(G) = 4 and
Hom(Oy, F[1]) = 0. Note that the pp-stability of Qy follows from Lemma 3.3. O

Lemma 4.4. Let o be a Serre-invariant stability condition on Ku(Y'). Then i'Qy is o-stable.

Proof. We can assume that ¢ = o(—1,w) for some § > w > 0. As Chié(Qy[l]) = chfé((’)y(—l)[l]) =3

is minimal, both Qy and Oy (—1)[1] are v,__1 ,-stable for any w > 0. Then Lemma 2.4 implies that

Qy[1],0y(-1)[2] € COh?:—%,w and both are oy ,-stable. Thus by the exact sequence (12), i'Qy (1] €

1

A(—3%,w). Suppose for a contradiction that i' Qy [1] is not o(—%, w)-semistable, and let F be the destabilizing

quotient object of minimum slope. We can write the class [F] = v + yw for 2,y € Z. Then by taking
w = %7 one can check the only integers z, y satisfying
(2%, ('Qy (1)) = Tm(2°,  (F)) >0
and
MQ%,M(QY[H) < Hgéyw(F) < Mgé,w(i!QY[l]) (19)

are (z,y) = (—1,1). The left-hand inequality in (19) comes from the short exact sequence (12) and the fact
that Ngz_%w(QY[l]) < ugz_%,w(Oy(—l)[Q]) for any w > 0. By [38, Theorem 1.1], we know that F fits into
a triangle Oy (—=1)[1] = F — O;(—1) for aline l C Y. However Hom(i'Qy [1], F) = Hom(i' Qy [1], O;(—1)) =
0, which makes a contradiction. [J

Remark 4.5. Note that i' Qy-[1] is not stable in double tilted heart Cohgz_ 1w In fact, it is destabilized by
Oy (—1)[2]. There is no wall in the (b, w)-plane which would make i'Qy-[1] stable. The objects E fitting in a
triangle Qy[1] — E[1] — Oy (—1)[2] are obtained from triangle (12) as all possible extensions in the other
direction. This corresponds to a blow up at the point [i*Qy] in the Bridgeland moduli space M, (Ku(Y), 2v)
of o-stable objects of class 2v in Ku(Y") with the exceptional locus parametrizing those semistable sheaves

of rank two, ¢; =0,y = 2 and ¢3 = 0 not in Ku(Y"). For more details, see Section A.
5. Moduli spaces on cubic threefolds

In this section, we always fix Y to be a del Pezzo threefold of degree three, i.e. a cubic threefold. The
goal of this section is to prove Proposition 5.5 which classifies Bridgeland semistable objects of class 3v in
Ku(Y).

Consider the line ¢4—3 as defined in section 3.1 which passes through II(Oy (—H)) and II(v). It is of the
equation
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5 1
= 2p— -,
YT T3
and intersects AU at two points with b-values by = —1 and by = —%. We know by Lemma 3.1 that there is

no wall for an object E of class ch<s(E) = (3,0, —H?) between the large volume limit (b < 0 and w > 0)
and the line ¢3. The following Proposition describes the objects which gets destabilized along the wall /3.

Proposition 5.1. Take a point (b, w) € (30U and let E be a strictly vy, ., -semistable object of class ch<o(E) =
(3,0, —H?) which is unstable in one side of the wall {3. Then the destabilizing sequence is By — E — Fy
where one of the factors E; is Oy (—1)[1] and the other one E; is a pg-stable sheaf of class ch<o(E;) =
(4,—H,—1H?). In particular, we have chz(E) < 0.

Proof. Let £y — F — FE5 be a destabilizing sequence along the wall. If the destabilizing factors F; and

FEs are both sheaves, then —% = by < pup(F;) for i = 1,2. Moreover, the location of the wall implies that

pr(E;) # 0. Thus ch<i(E1) = (3,—H) up to relabeling the factors. Moreover chy(E7) = —%hf because
II(E1) lies on ¢3. We know the wall {3 passes through the vertical line b = f% at a point inside U, thus E

-stable for any w > 0 by [12, Lemma 3.5],

and so E1 is a p-stable sheaf which is not possible by Lemma .2. Thus E; or E5 are not both sheaves.
Let (r,cH) = ch<1(H ™Y (E1)) + ch<i (H 1 (E2)), then (8) gives

is vy 1 w-semistable for some w > 0. This implies £ is V=1

2
—g(r+3)§c<—

Thus either (r,¢) is equal to (2, —2) or (1,—1).

Case 1. First assume (r,c) is equal to (2, —2). We know H~1(E;) are torsion-free sheaves. They are
even reflexive, otherwise there is a torsion sheaf T supported in co-dimension at least 2 with embedding
T < H~'(E;)[1] < E; in Coh®(Y). This is not possible as v, ,,-slope of semistable factors E;’s are equal to
FE which is not +o0o. Thus one of the following cases can happen:

(a) chay(H™HE )) (1,—H) for i =1,2, or
(b) H Y(E1) =0 and ch<i (H™'(E2)) = (2, —2H).

On the other hand, we have
che1(H(E1)) + cher (HO(E»)) = (5, —2H).

Since for i = 1,2,

2

pi (M () 2 pyg (HO(E)) = —, (20)

the sheaf H°(E;) is torsion supported in dimension at most 1 for either i = 1 or i = 2.
In case (a), we have H~1(E;) = Oy (—1) for i = 1,2. By relabeling the factors, we may assume H°(FEy)
is a torsion sheaf. We know II(Es) lies on the line ¢4 and
chea(Bs) = ch<a(H(E2)) — chaa(H ™ (E2))

- (O,O,chz(’HO(EQ))) — (1’ —H, 11;2) '

This implies that cha(H"(E>)) = 0, and so
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ChQ(HO(El)) = ChQ(H_l(El)) + ChQ(H_l(EQ)) + ChQ(E) =0

which implies ch<o(H(E1)) = (5, —2H,0). Thus II(H°(E;)) lies on the boundary of U which is not possible
by [27, Proposition 3.2] as (20) implies that H°(E;) is a ug-stable sheaf.

In case (b), we have F; = H°(E;). Thus H°(E;) cannot be supported in dimension 1, and so ch<q(E;) =
ch<i (H°(E4)) = (5, —2H). Since II(E;) lies on £4, we have chy(E;) = 0 which is not again possible by the
same argument as in case (a).

Case II. Now suppose (r,c¢) = (1,—1), so by relabeling the factors, we may assume H~!(E;) = 0 and
H~Y(Ey) = Oy(—H). Moreover,

chea(HO(51)) + chea(MO(E2) = (4, H.~ 31 ) (21)

Let ch<s(E1) = (r1,c1H, s1H?). Since uy(H(E;)) > —%, we gain

2 2 3

—5n < a < —Ft g

Thus (r1,c1) is equal to (0,0), (1,0), (3,—1), or (4, —1). The first case cannot happen as torsion sheaves

supported in dimension < 1 cannot make a wall. If (r1,¢;) = (1,0), then since II(E;) lies on ¢4, we have

s1 = —%, thus E; has the same v, -slope as E with respect to any (b, w), thus it cannot make a wall. If

(r1,01)~: (3,—1), then s; = —%. We know the wall /3 passes through the vertical line b = —% at a point

inside U, thus [12, Lemma 3.5] implies that E; is a pg-stable sheaf which is not possible by Lemma 5.2.
Thus we have

chea(Ey) = <4, —H, —%H2> , (22)

and H°(E») is a skyscraper sheaf. Then [2, Proposition 4.20] implies that Ey = Oy (—1)[1]. Since E; is
Up p-semistable on /3, it is Vbzfé)wzﬁ—semistable. Thus by Lemma 5.3, F; is a ug-stable reflexive sheaf.
Finally, the last statement follows from Lemma 5.4 that chg(Ey) < —tH3. O

Lemma 5.2. There is no pp-stable sheaf E of class ch<o(E) = (3, H,sH?) for s > —%.
Proof. Assume there is such a stable sheaf F. By replacing F with its double dual, we may assume F is a
reflexive sheaf. Consider the line ¢ passing through II(E) and II(E(—2)) which is of equation

_ 2b+s+2
w=T3P T3 Ty

Since s > f%, it crosses the vertical lines b = 0 and b = f% at points inside U. Thus [12, Lemma
3.5] implies that both E and E(—2)[1] are 1 -stable of the same slope for (b,w) € £ N U. This implies
hom(E, E(—2)[1]) = hom(FE, E[2]) = 0 which is a contradiction as hom(E, F) =1 and x(E,F) = 18546 >

3. 0O

Lemma 5.3. Let by = —% and pick w > % (note that the point (b, %) € 17063). There is 10 V, 1, -semistable
object E of class ch<z(E) = (4, —H, sH?) for s > —%. Moreover, if s = —%, then vy, ,,-semistability of E
at some w > % implies that it is vy, 4, -stable for any w > % In particular, in this case, E is a pup-stable
reflexive sheaf.
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Proof. Let E be a v, ,-semistable object of class ch<;(E) = (4, —H) such that cho(E)H > —HTB. We first
claim E is vy, -stable for any w > % If not, there is a wall £ for E passing through vy, ., for some w > 1—12
Let E; be a destabilizing factor of class (r1,c1 H, s1) such that r; > 0. We have

1
0 < Im(Zye_y ,(BD)] = cr45m1 < I(Z__y , (Ey)] = 1.

—32,Wo 2

Thus ¢; + %7“1 = % If % < —%, then the position of the wall implies that II(F;) lies in U which is not

possible. Thus

which implies (11, ;) is equal to (3, —1), or (5,—2). We know II(E}) lies above or on the line ¢5. Thus the
first cannot happen by Lemma 5.2. In the latter, s; = 0 and II(F;) lies on the boundary dU which is not
again possible by [27, Proposition 3.2]. Therefore, E is vy, .,-stable for w > % and so a pp-stable sheaf.

To complete the proof, we only need to show that we cannot have s > —%. Assume otherwise, then we
may assume F is a reflexive sheaf, so E(—2)[1] is v -stable for b > —% and w > 0. Since s € %Z, we have
s > —1. We know there is no wall for E(—2)[1] crossing the vertical line b = —2 for w > 2. Thus one can
check that E and E(—2)[1] are v ,-stable of the same phase for (b,w) € £ N U where £ is the line passing
through II(E) and II(E(—2)). Hence, hom(E, E[2]) = 0 but x(E, E) > 5, a contradiction. O

Lemma 5.4. Let E be a py-stable sheaf on'Y of class
Lo 3
ch(E)=(4,—H, —iH ysH? ).

Then s < —%. Moreover s = —% if and only if E =~ Qy = Lo, Oy (1)[-1].

Proof. By pp-stability of E, we have Hom(Oy, E) = 0 = Hom(Oy, E[3]) = Hom(E, Oy (—2)). And since
the line segment connecting II(E) and II(Oy (—2)) intersects b = —3 at a point with w > &, by Lemma 5.3
we have 0 = Hom(E, Oy (—2)[1]) = Hom(Oy, E[2]), which gives y(E) = —hom'(Oy,E) < 0 and s < —%.
Now assume that s = —¢. Then E is reflexive by Lemma 5.3 and the previous result. Thus its shift E[1]
is vy,-stable for b > —1 and w > 0. We know there is no wall for E[1] passing through the vertical line

b = 0. Therefore hom(E, Oy [2]) = hom(Oy (2), E[1]) = 0 and so
hom(E,Oy) > x(E,0y) =5
Hence the first wall ¢ for E[1] will be made by Oy[l]. Pick five linearly independent elements from
Hom(E, Oy), and let G be the kernel of the evaluation map in the abelian category of v, ,-semistable
objects of the same slope as E[1] and Oy [1] for (b,w) € £NU:
G — E[1] - O%°[1].
We know ch(G) = ch(Oy (1)), so G = Oy (1) by [2, Proposition 4.20] and the claim follows. O

Finally, we can describe Bridgeland stable objects with class 3v in Ku(Y).

Proposition 5.5. Let o be a Serre-invariant stability condition on Ku(Y') and E € Ku(Y') be a o-(semi)stable
object of class 3v. Then up to a shift, E is either a Gieseker-(semi)stable sheaf or i'Qy .
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Proof. By the uniqueness of Serre-invariant stability conditions on Ku(Y"), we can take o = o(bg, wp), where

(bo, wo) = (=2, 32). And we can assume E € A(bg, wo) of class —3v. We have chosen the point (b, wo) € V
so that ,ugo’wO(—?)v) = 4oo. Thus E is ago)wo—semistable, then Lemma 2.4 implies that E' lies in the exact

triangle
Fl] - E—>T

where F' € Coh™ (Y) is vy, w,-semistable and 7' € Cohg(X). So we have ch(F) = 3v + ch(T). As the point
(bo,wo) lies on ¢, either (i) F is strictly v, w,-semistable and unstable above the wall ¢3, or (ii) it is
semistable above the line £3 and so it’s a large volume limit semistable sheaf by Lemma 3.1.

In case (i), Proposition 5.1 implies that ch3(F) < 0 and so T' = 0. Also combining it with Lemma 5.4
implies that EF[—1] = F lies in the non-trivial exact sequence

Oy (-1)[1] —» E[-1] — Qy.
Since Hom(Qy, Oy (—1)[2]) = 1 by (11), we get E = i'Qy[1].

In case (ii), Lemma 3.1 shows that F' is large volume limit semistable and chs(F') < 0, so T = 0. Hence
E[—1] = F is a Gieseker-semistable sheaf by Lemma 3.2. O

6. Brill-Noether reconstruction

Let Y := Y; be a del Pezzo threefold of Picard rank one of degree d > 2. In this section, we prove
Theorem 1.2 in the introduction in Theorem 6.2.
Let O, be the skyscraper sheaf at any point p € Y. We know Lo, (1) Op = Z,(1)[1], and so

i Op = Lo, (Z,(1))[1]. (23)

We have ch(i* 0,) = (d, —H, -1 H?,(
objects in Ku(Y") of class dv — w.

é %)H ‘3) = dv — w. The following proposition characterizes stable

Proposition 6.1 ([1]). Let F' € Ku(Y) be a o-stable object of class dv — w for a Serre-invariant stability
condition . Then up to a shift, F' is either isomorphic to i* O, for a point p € Y, or it is of the form
O (5.T) where T is a Gieseker-stable reflexive sheaf supported on a hyperplane section j: S < Y. This
induces a well-defined map

U:Y < M, (Ku(Y),dv —w) (24)

p— i O,
which gives an embedding of Y into the moduli space M, (Ku(Y),dv —w) as a smooth subvariety.

Proof. Since all stability conditions o (b, w) for (b,w) € V lie in the same orbit with respect to the action of
(/}\L; (R) and they are O-invariant, we can consider o (—%,wo) where (b = —%,wo) € V, and characterize
o (—3,wo)-stable objects of class O Hdv —w)=—w.

Take a o (—%,wo)—stable object F € .A(—%,w) of class —w. Since ug%’w(E) = +o00, we know E is
ag%)w—semistable. Then by [1, Lemma 4.15], E[-1] is v_y ,,
4.7], the only wall for E[—1] intersecting b = —1 is the line ¢ passing through II(Oy (—1)) of slope —1. Thus
when we move up from the point (—3%,wo) along the line b = —1, either

,-semistable. By the proof of [I, Proposition
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(i) E[-1] is vy—_1 ,,~semistable for all w >0, i.e. it is a Gieseker-stable sheaf, or
(ii) E[—1] gets destabilized along the wall £.

In case (ii), the destabilizing sequence is of form A — E[—1] — B, where ch<s(B) = ch<2(Oy) as in the
proof of [1, Proposition 4.7]. Hence ch<3(A) = ch<2(Oy (—1)[1]). Since Ay (A) = Ay(B) =0, A and B are
-semistable for any w. This proves A = Oy (—1)[1] and B = Z, for a point p € Y. Thus E[—-1] = E,
where E, is the unique extension

V_1
—Lw

Oy(-)[1] = E, > Z,. (25)

Thus O(E[—1]) = O(E,) = i* O, as claimed. Hence ¥ is a well-defined map which is the composition of the
embedding Y — M, (Ku(Y), —w) given in [1, Lemma 4.8] (which sends p € Y to E,), and the isomorphism
Mo (Ku(Y), —w) = My (Ku(Y),dv — w) given by O. In particular, ¥ is an embedding. O

Note that although in [1], YV is assumed to be general, the above results hold for any smooth Fano
threefold Y of index 2 and degree d. Their aim for the generality assumption is to get an explicit description
for Gieseker-stable sheaves of class w using roots on del Pezzo surfaces, which we do not need in this paper.

Theorem 6.2 (Brill-Noether reconstruction for del Pezzo threefolds). Let o be a Serre-invariant stability
condition on Ku(Y). Then the map ¥ defined in (24) induces an isomorphism between Y and the Brill-
Noether locus

BNy == {F € M,(Ku(Y),[i* 0,]) : dimc Hom(F, i'Qy) >d + 1}
where Oy, is the skyscraper sheaf supported at a pointp €Y.

Proof. Recall that Qy = Lo, Oy (1)[—1] as defined in (9) which is a vector bundle when d > 2. By
adjunction of i* and ', we have RHom(F, i'Qy) = RHom(F, Qy). Up to a shift, by Proposition 6.1, we
can assume F is either (i) isomorphic to i* O, for a point p € Y, or (ii) of the form O(j.T) where T is a
Gieseker-stable sheaf supported on a hyperplane section j: S — Y.

In case (i), since RHom(Oy, Qy) = 0, by (23), we only need to compute RHom(Z,(1), Qy). Since Qy
is a bundle of rank d + 1, we get RHom(O,, Qy) = C¥*1[-3]. Now applying Hom(—, Qy) to the exact
sequence 0 — Z,(1) — Oy (1) — O, — 0, since RHom(Oy (1), Qy) = C[—1], we see RHom(Z,(1), Qy) =
C[—1] & C41[—2]. Hence there exists k € Z, so that ¥(p)[k] € BNy for any point p € Y.

In case (ii), by definition of the rotation functor O in (6), we only need to compute RHom(j.T'(1), Qy)
as RHom(Oy, Qy) = 0. Clearly Hom(5,.7'(1),Qy) = 0 and

hom (5. T(1), Qy [k]) = hom (Qy, juT(=1)[3 - k]) = homs (Qy[s, T(-1)[3 — k). (26)

Now we apply next Lemma 6.4 to show that the above Hom-spaces vanish for £ = 3,1, so we get
RHom(j.T(1), Qy) = C¥[—2] as x(4.T(1), Qy) = d.
k = 3: Since S € |H| is irreducible, Lemma 6.4 implies that both j, Og and j,. Qg are 2-Gieseker semistable
of classes
H? H?

Ch(]* OS) = <Oa H, 5

d
TR ) and  ch<s(j.Qg) = (0, (d+1)H, —%315{2).

Since ch<2(j.T(-1)) = (0, H, —%HQ)7 comparing slopes implies that

Hom(j. Os, j.T(~1)) = 0 = Hom(j. Qs, j. T (-1)).
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Thus the short exact sequence (27) in Lemma 6.4 below implies that Hom(j.Qy|s, j«T(—1)) = 0.
k = 1: By Serre-duality on S, we know homg(Qy|s,T(—1)[2]) = homg(T, Qy|s) which vanishes as

HOHl(j*T,]* OS) = 0 = HOHI(]*T, j*QS)

by comparing slopes.
Finally, we get 5.7 ¢ BNy and so ¥(Y) = BNy, then the claim follows from Proposition 6.1. [

Remark 6.3. The proof of Theorem 6.2 also shows that BAy can be written as
BNy = {F € M,(Ku(Y),[i* O,]) : RHom(F, i'Qy) is a two-term complex}.

Lemma 6.4. Let Y be a del Pezzo threefold of Picard rank one of degree d > 2, and let S — Y be a hyperplane
section. Then Qy|s fits into an exact sequence

0— Og — Qyls = Qs — 0, (27)
where Qg := Lo, Og(1)[—1] € Coh(S) is a H|s-pm-semistable bundle on S.
Proof. By the restriction of the exact sequence (9), we get the exact sequence
0— Qyls — 0% = 05(1) — 0

on S. This gives RHomg(Og, Qy|s) = C. Take a non-zero section s: Og — Qy|g, then we get the following
commutative diagram with exact rows

0 Os ——— Og 0

L I |

0 — Qyls —— 05" —— O0s(1) — 0.

By taking the cokernel, we get an exact sequence
0 — coker(s) — OF4 — Og(1) — 0. (28)
This implies coker(s) = Qg as RHomg(Og, coker(s)) = 0. To complete the proof, we only need to show

Qs is pup|g-semistable. Assume otherwise, and let F' be a destabilizing subsheaf. We may assume F' is
i) s-stable. Then the exact sequence (28) implies that

1
=g = Ha1s(Qs) < ps (F) < pas(Os) = 0.
Since rk(F') < d, we must have pg (F) = 0. We can assume that F' is saturated in Qg, hence is saturated
in (st+1 as well. By the uniqueness of Jordan—Holder factors, we get F' =2 (9%3 K F Thus Homg(Og, Qs) # 0,
which contradicts the construction of Qg. 0O

6.1. Classical moduli spaces on curves and Brill-Noether reconstruction

Let Y be a smooth degree 4 del Pezzo threefold, which is the intersection of two quadrics in P®. There is
an FM equivalence ®s: D?(C) — Ku(Y) for a genus two curve C. Denote by M¢(2, £1) the moduli space
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of stable vector bundle of rank two with fixed determinant £4 such that degree d(£1) = 1. By [35, Theorem
1] we know

Y = Mc(2,L1) (29)

Note that S is the universal spinor bundle on C' x Y. On the other hand, using Theorem 6.2 and acting the
inverse of the rotation functor O, we get

Y =20 YBNy) ={E € M,(Ku(Y),—w) : dim¢c Hom(F, i Oy) > 5}.

By [24, Lemma 5.9], ®5'(i' Oy) = R[1] where R is a second Raynaud bundle, which is a semistable vector
bundle of rank 4 and degree 4 on C. Moreover, it is unique up to a twist by a line bundle of degree 0, see
[24, Section 5.4]. By [1, Section 5.2], the equivalence ® sends the Bridgeland moduli space M, (Ku(Y'), —w)
to M¢(2,1). Thus

Y = {F e Mc(2,1): dimc Hom(F, R[1]) > 5}
> {F € Mc(2,1): dimc Hom(F, R) > 1} (30)

as x(F, R) = —4. Comparing (29) and (30) gives the impression that fixing determinant of F' € M (2,1) is
equivalent to imposing the Brill-Noether condition.
Let J(Y) be the intermediate Jacobian of Y. As in [1, Section 4.4 & Section 5.2],% we consider the map

P: My(Ku(Y),—w) = J(Y)
E — &(E)-H?

where ¢3(E) is the second Chern class of E up to rational equivalence. We know ¥(E,) = 0 and P~1(0) is
isomorphic to Y, thus P([O(T)]) # 0 where T is a Gieseker-stable sheaf supported on a hyperplane section
S.

By [1, Section 5.2, P71(0) 2 Y C M, (Ku(Y),—w) such that Y 2 {E, : p € Y} (see [, Proposition
4.7] for definition of E,). Then Y =2 O™ *(BNy) = BNy

There is an equivalence ®@;: Pic'(C') — J(Y) so that ®;(L;) = 0 and it induces the commutative diagram
[41, Theorem 4.14(c’)]

det

Mc(2,1) Pic'(0)

My (Ku(Y), —w) E J(Y).

This shows that we have an isomorphism
Mc(2,£1) 2 det (L) = P71(0) =BNy.

8 Although some parts in [1] assume Y to be general, the arguments in [1, Section 4.4 & Section 5.2] do not use any generic
assumption.
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7. Uniqueness of the gluing object
In this section, we prove the following Theorem.

Theorem 7.1. Let ®: Ku(Y) ~ Ku(Y') be an exact equivalence of Kuznetsov components of del Pezzo
threefolds of the same degree d where 2 < d < 4.

(i) If d = 2,3, there exist a unique pair of integers my,mg € Z with 0 < my < 3 when d = 2 and
0 <mq <5 when d =3, so that

O(i' Qy) = O™ (i"' Qy+)[mo).

(ii) If d = 4, there exists a unique pair of integers mi,mo and a unique auto-equivalence Tp, €
Aut® (Ku(Y")) (see Section 7.3 for definition) so that

O(i'Qy) = O™ o Tr, (i Qy)[ma.
Here i': Ku(Y') < D*(Y") is the inclusion functor.

Remark 7.2. Theorem 7.1 also holds if we replace i'Qy and i’'Qy~ by i' Oy and ' Oy, respectively. The
reason is that O(i' Oy) 2 i'Qy and the proof only uses the properties of Bridgeland moduli spaces with
respect to Serre-invariant stability conditions and objects in them, which are all preserved by O.

Remark 7.3. The proof of Theorem 7.1 actually shows that if ® maps v and w to v/ and w’ respectively,
then ®(i'Qy) = i''Qy+ up to shift and action of Tz, (when d = 4).

We first discuss the action of equivalences on the numerical Grothendieck groups, and then investigate
each degree separately.

Lemma 7.4. Let Y and Y’ be two del Pezzo threefolds of Picard rank ones of degree d and ® : Ku(Y) —
Ku(Y") an equivalence. Let ¢ : N (Ku(Y')) — N (Ku(Y")) be the induced isometry. Then

(a) If ¢(mv) = mv’' for a non-zero integer m, then ¢(v) = v’ and p(w) = w'.

(b) Up to composing with O and [1], ¢ maps classes v and w to v/ and w’', respectively.

Proof. Recall that the numerical Grothendieck group N (Ku(Y”)) has no torsion. In part (a), from ¢(mv) =
mv’ we have ¢(v) = v. Now we assume that ¢(w) = av’ + dbw’ for a,b € Z. Using x(v,w) = —1 and
x(w,v) =1—d, we get x(v/,av' +bw’) = —1 and x(av’ 4+ dbw’,v') = 1 — d. Thus we obtain —a — b = —1
and —a + (1 — d)b = 1 — d, which gives (a,b) = (0,1) when d # 2. When d = 2, using x(w,w) =
x(av' 4+ bw',av’ + bw') = —d, we obtain (a,b) = (0,1) or (2,—1). We claim the latter cannot happen,
otherwise

p(v)=v and p(v—w)=—-(v —w).

For any line [ C Y, we define J; := O~ (Z;)[1] € Ku(Y) as in [38]. Fix two lines I, ly C Y such that I, Nly #
@. Then by [38, Remark 4.8], we have Hom(Z;,, J;,) # 0. Since x(Z,, Ji,) = 0 and Hom(Z;,, J;,[n]) = 0
when n < —1 and n > 2, we get Hom(Z,,, J;,[1]) # 0.

Let o be a Serre-invariant stability condition on Ku(Y), then by [38, Theorem 1.1] any o-stable object
of class [Z;] in Ku(Y) is the shifted ideal sheaf Z; [k] for some line I’ on Y. The same claim also holds for



24 S. Feyzbakhsh et al. / J. Math. Pures Appl. 191 (2024) 103627

objects of class [7;] = —[0™*(Z;)] as o is O-invariant. Recall that there is a unique Serre-invariant stability

condition on Ku(Y) up to GNL;r (R)-action. Since ® commutes with the Serre functor, ®.0 is also a Serre-
invariant stability condition on Ku(Y”). Thus by ¢(v) = v/ and ¢(v — w) = —(v/ — w’), up to a shift, we
can assume that ®(Z;,) = Zj; and ®(J;,) = Ty, [k] for lines I1,15 C Y’ and an odd integer k. Thus we get
Hom(Zy; , Jyy, [k]) = Hom(Zy; , Jiy [1 + k]) # 0. This implies k¥ = 0 and makes a contradiction which completes
the proof of part (a).

For part (b), we claim that up to composing with O and [1], v maps to v’. Indeed, the image of v is still
a (—1)-class in N (Ku(Y)) since ® is an equivalence. Then the claim for d > 3 follows from [32, Corollary
4.2]. And up to sign, a (—1)-class is either v/ or v/ — w’ for d = 2, and v/, w’ or v/ — w’ for d = 1. They are
permuted by rotation functor O and the claim follows. Thus the result follows from part (a) and the claim
above. [

7.1. Degree 2 case

We first consider a del Pezzo threefold Y of degree 2 which is a quartic double solid. It is a double cover
7 : Y — P? which is ramified over a smooth surface R C P3 of degree 4. The branch divisor of 7 maps
isomorphic to R, which we also denote by R C Y. The involution on Y given by the double cover is denoted
by 7. The Serre functor of Ku(Y) is Skyy) = 7[2]. Moreover we have Oy (R) = Oy (2). The key idea to
prove Theorem 7.1 is to investigate the singular locus of a suitable moduli space in Ku(Y).

Lemma 7.5. Let o be a Serre-invariant stability condition on Ku(Y). Then the singular locus of the moduli
space My (Ku(Y),2v —w) is at least two dimensional, consists of objects of form i* O, such that p € R,
and O(j.F) where j: S = Y is a hyperplane section and F is a reflexive sheaf on S with 7(j.F) = j.F.

Proof. Since o is O-invariant, the functor O makes an isomorphism M, (Ku(Y), —w) = M, (Ku(Y),2v —
w)). Thus for any F' € M, (Ku(Y),2v — w), there exists £ € M, (Ku(Y),—w) so that FF = O(FE). Since

RHom(F, F) = RHom(E, E), we only need to consider the smoothness of [E] in M, (Ku(Y),—w). By

Proposition 6.1 and its proof, there are two possibilities:

Case (i). £ = E, for a point p € Y as defined in (25). Since 7(E,) = E.(p), we know that [E] is a singular

point if and only if Ext*(E,, E,) = Hom(E,, E.(p)) # 0, which is equivalent to p = 7(p), i.e. p € R.

Case (ii). E = j.F is a reflexive Gieseker-stable sheaf supported on a hyperplane section j: S < Y. Then

by o-stability, Ext?(E, F) = Hom(E, 7E) # 0 if and only if 7(j,F) = j,F. O

The next Proposition analyzes further the second case in Lemma 7.5.

Proposition 7.6. Let o be a Serre-invariant stability condition and j.F € Ku(Y) be a o-stable object of
class w, where j: S — Y is a hyperplane section and F is a reflexive sheaf on S. Let E € Ku(Y) be a
Gieseker-stable sheaf of class 2v. Assume that T(j.F) = j.F, then we have

RHom(O(j.F), E) = C?[-2].

Proof. By Lemma 3.2, F is 2-Gieseker-stable. Thus j*FE is a sheaf by the torsion-freeness of E. Since
F € Ku(Y'), we see RHom(O(j.F), E) = RHom(j.F (1), E). It is clear that Hom(j,.F (1), E) = 0.

We claim Ext®(j,F(1), E) = Hom(E, j,F(—1)) = 0. If not, there is a nonzero map 7: E — j,F(—1)
with ch<j(ker(n)) = (2,—H) and H.chg(ker(w)) > 1. Thus by [27, Proposition 3.2], ker(w) cannot be
pp-semistable. But since it is torsion-free, it has a two-term HN filtration E; < ker(w) — FE5. Since F;
is a subsheaf of E as well, we have ch<o(E;) = (1,0, 2H?) where a < —2. Thus ch(E;) = (1,—H) and
cha(E9).H = cha(ker(n)).H — a > 3, which is not possible.



S. Feyzbakhsh et al. / J. Math. Pures Appl. 191 (2024) 103627 25

Therefore we get —ext!(O(j. F), E) + ext?>(O(j. F), E) = x(O(j. F), E) = 2, so we only need to show
Ext'(O(j.F), E) = 0. Note that

Ext'(O(j.F), E) = Ext'(j.F(1), E) = Homg(F, j*E) = Hom(j, F, j.j*E).

Assume there is a non-zero map s € Homg(F, j*F). Since F is torsion-free of rank one on S, s is injective.
Let G := coker(s).

Claim: G is a torsion-free sheaf on S. As GG has rank one on S, this implies j,G is Gieseker-stable. To this
end, we consider a commutative diagram of exact triangles

Il === JsF

i |5© |

—— JJ°E —— E(-1)[1]

By taking cones, we get a commutative diagram with rows and columns exact

0 joF ——— j,F

l | |

E —— jj*E —— E(-1)[1]

[ !

E—" j.G K1

Here K is a sheaf since it is an extension of j,F and E(—1) from the construction. Thus a is surjective and
K = ker(a). Note that ch(K) = 2v — w. We consider two cases:

— If K is py-stable, by Lemma 4.2 K is locally free. Since E is torsion-free, we get torsion-freeness of G
on S.

— If K is not py-semistable, then there is a destabilizing sequence K1 — K — K5 where both K7 and K>
are rank one pp-stable sheaf. Note that since K is a subsheaf of E, it is torsion-free. The composition
of injections K1 — K — E and 2-Gieseker stability of E implies that ch<o(K1) = (1,0, —%f2 H?) where
a > 0. Since K3 is torsion-free with class ch<a(K2) = (1, —H, 32 H?), we get a = 0. Thus K» = T,,,(—H)
for some points ps on Y. We denote W := coker(K; — FE). Then we have a commutative diagram

0

|

j«G —— 0

j«G —— 0

|

0

(=)
Ct— F+—X+— F+—o
Ct+— THe—me— Ne—o

with rows and columns exact. Since RHom(Oy, j.F) = RHom(Oy, j.j*E) = 0, we get the vanishing
RHom(Oy, j.G) = 0. In particular, G has no zero-dimensional torsion. We know ch<o(W) = (1,0,0),
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from 2-Gieseker-stability of E, we see that the torsion part of W is zero-dimensional, which is not
possible as G has no zero-dimensional subsheaf. Thus W = Z,, for some points p in Y, so the third row
in the above diagram gives the short exact sequence Z,,,(—H) < Z,, — j,G which implies j.G is pure.

Hence G is torsion-free as claimed. Thus j*F is also torsion-free as F' and G are.
We divide the rest of the proof into two cases.
Case 1. First assume F is not locally free. By Proposition A.4, we have an exact sequence

0= E— 0% —=Q—0,

where @ is supported on a curve. Hence we get a triangle j*E — 0?2 — 7*Q on S. Since @ is supported
on a curve, Héoh(S) (5*Q) is at most one-dimensional for each ¢ by [15, Lemma 3.29]. Using the fact that
J*E is torsion-free, we see j*@ € Coh(S) and hence j*E C (9?2. Thus F' C O?Q, which implies that
Homg(F, Og) = Hom(j. F, j« Og) # 0. Hence Hom(j, F, Oy (—1)[1]) # 0, which contradicts j.F € Ku(Y).

Case 2. Now assume F is locally free, and so j*E is locally free. Then taking Homg(—, F') from the short
exact sequence F' — j*E — G gives Exty(F, F) = Ext%(G, F). By Lemma 7.8, we get Ext%(G, F) # 0, which
implies Ext®(j.G, j.F) # 0 from Lemma 7.7. However, by Serre duality we get Hom(j,F, j,G(—2)) # 0,
which contradicts the Gieseker-stability of j,F and j.G. O

Lemma 7.7. Let j: S — Y be a hyperplane section and E, F be two coherent sheaves on S with E torsion-
free. Let n > 2 be the mazimal integer with Exts(E, F) # 0. Then Ext"t (j.E, j.F) # 0.

Proof. We first show that any hyperplane section S € |Oy(1)| is normal and Gorenstein. Since Y is
Gorenstein, S is too. Then by Serre’s criterion, to prove the normality of S, we only need to prove S has
only finitely many singular closed points. Note that S = 7~1(P) is a double cover ramified over R N P
for a projective plane P C P3. By the property of double cover, we only need to show RN P has isolated
singularities. This follows from applying [26, Corollary 3.4.19] to R.

Since S is normal, the non-locally free locus of E has codimension two. Thus Sxtfg(E , F) is supported on
points for any i > 0. Now we compute Extl, (j.E, j F) := H(RHomy (j. E, j. F)). By adjunction, we have

RHomy (j«E, j. F) = j«RHomg(j*j. E, F).

Since H(j*j.E) = E and H~'(j*j. E) = E(—1), using [15, (3.8)], we have a spectral sequence convergent
to Extg+q(j*j*E, F) with EY° = Eat%(E, F), EY' = Ext?(E, F)(1) and E5 = 0 for p # 0, 1. Therefore, we
see that Ext(j*j.E, F) is supported on points for ¢ > 2. Moreover, the term Eg’l survives, hence E;L’l =
E%t 2 0 implies that Exta™ (7%j.E, F) # 0. Thus Exty (5. F, j. F) is supported on S, and furthermore
supported on points for 7 > 2 with Sact?,ﬂ(j*E, J«F) #0.

Next, using [15, (3.16)], we have a spectral sequence

Yt = HP(Eatl (1., 4. F)) = Ext?™(j.B, j.F).

By the previous argument, we know that Eg’”ﬂ = length(é'xt?fl(j*E,j*F)) # 0. Moreover, from the
dimension of support, we see EY? =0 for p € {1,2},q > 2 and any p > 3, ¢ € Z. Since n > 2, this implies
EQ™H — EOntl oL which gives Ext"*(j,E, j,F) #0. O

Lemma 7.8. Let o be a Serre-invariant stability condition on Ku(Y) and j.F € Ku(Y) be a o-stable object
where j: S =Y is a hyperplane section and F is a reflexive sheaf on S. If T(j.F) = j.F, or equivalently
Ext?(j, F,j,F) # 0, then Exty(F, F) is non-zero and supported on a single point with length one.
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Proof. Note that by o-stability and Sk, y) = 7[2], we know that Ext*(j. F, j. F') = Hom(j, F, 7(j.F)) # 0
if and only if Ext?(j,F, j,F) = Hom(j,F, 7(j,F)) = C.

Since F' is reflexive and S is normal, we have Homg(F, F) = Og. Moreover, by Lemma 7.7 and the
vanishing Ext’(j,F,j,F) = 0 when i > 3, we get Exth(F,F) = 0 for i > 2. Therefore, if we compute
Extd (j.F,j.F) as in Lemma 7.7, we get Homy (j.F,j<F) = j.Og, Extl (j.F, j.F) is an extension of
Jx Os(1) with j.ExtL(F, F), and Exti-(j. F, j. F) = j.Exty(F, F)(1). Thus, if we compute Ext’(j.F, j. F) as
in Lemma 7.7, we see Ext®(j,F, j.F) = H(Ext3 (j. F, j. F)). This implies that ExtL(F, F) is non-zero and
supported on a single point with length one. [J

Proof of Theorem 7.1 for degree d = 2. Note that O* 2 [2] when d = 2, so by Lemma 7.4 we can assume
that there is a pair of integers mq,d with 0 < m; < 3 and § = 0,1 such that O™ o ®[§] maps classes v
and w on Y to v/ and w’ on Y’, respectively. Moreover, we know such m; and ¢ is unique by looking at
the action of O and [1] on N (Ku(Y')) and using the restricted values of m; and §. We may replace ® by
O " o d[4].

We know ®(i'Qy) € Mg (o) (Ku(Y"),2v"), so by Proposition 4.1, up to a shift, it is either " Qy or a
Gieseker-stable sheaf E’. Assume for a contradiction that the latter happens. We know ® maps the singular
locus of My (Ku(Y'),2v — w) to the singular locus of Mg, (Ku(Y’),2v' —w’).

— Assume that ® maps R C M,(Ku(Y),2v — w) to R’ C Mg (Ku(Y’),2v/ — w'). Thus by Proposi-
tion 6.1, we get RHom (®(i* O,,), ®(i'Qy)) and so RHom (i* Oy, E’) = RHom (O, E') are a two-term
complex for all p" € R. But this makes a contradiction since E’ is torsion-free so the non-locally free
locus of E’ has at most dimension one.

— Assume that ® does not map R C M, (Ku(Y),2v—w) to R’ C Mg (o) (Ku(Y'),2v' —w’). By Lemma 7.5,
there is a point p € R such that ®(:* O,) = O(j.F') up to shift, where j: S — Y is a hyperplane section
and F is a reflexive sheaf on S with 7/(j.F) 2 j,F. Moreover, RHom(i* O,, i'Qy) = RHom(O(j. F), E')
is a two-term complex. But this contradicts Proposition 7.6.

Hence in both cases, we get ®(i'Qy) = i''Qy+[my + §] for a unique my € Z and the claim follows. [

Remark 7.9. [1, Lemma 4.4] claims Ext? (j«F, j« F') = 0 for any hyperplane section j: S < Y and a rank
one reflexive sheaf F' on S such that j,F € Ku(Y). However, the proof is valid only for smooth S via the
vanishing of £zt (F, F). That is why in this section, we investigated further the singular locus in order to
prove Theorem 7.1.

7.2. Degree three case

Now assume Y is a cubic threefold.

Proof of Theorem 7.1 for degree d = 3. In this case O° = [4], so by Lemma 7.4 there is a unique pair
of integer mi,d with 0 < m; < 5 and § = 0,1 such that O™ o ®[§] maps classes v and w on Y
to v/ and w' on Y’, respectively. We replace ® by O™ ™! o ®[§]. Then by Proposition 5.5, the object
d(i'Qy) € Mg (o) (Ku(Y"),3v"), up to a shift, is either i" Oy or a Gieseker-semistable sheaf E’. Assume for
a contradiction that the latter happens.

By [2, Lemma 7.5, Theorem 8.7], BNy~ is the union of all rational curves in Mg, (Ku(Y"),3v' — w').
Thus ¢(BNy) = BNy-. In other words, for any p € Y we have ®(i* O)) = i'* O, for a point p’ € Y’ up
to shift and vice versa. In particular, RHom(i'* O, E’) is a two-term complex for all p’ € Y’. But this
contradicts the torsion-freeness of E’. Hence we get ®(i'Qy) = i''Qy/[my + 6] for a unique mo € Z as
claimed. O
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7.8. Degree four case

Let Y be a del Pezzo threefold of degree 4, then Ku(Y") is equivalent to the bounded derived category
D?(C) of a smooth projective curve C of genus 2. As in [24, Section 5], we fix the Fourier-Mukai equivalence
Us: DY(C) — Ku(Y) for the universal spinor bundle S on C' x Y, where we see Y as a moduli space of
stable rank 2 bundles on C with fixed determinant & of degree deg(§) = 1.

For any line bundle £ on C, we denote the induced auto-equivalence of Ku(Y) by T := Wgo(—®L)oWg .
We write Aut’(Ku(Y)) for the subgroup of Aut(Ku(Y)) consisting of T, such that £ € Pic’(C). We will
apply the following two facts about the action of O:

(a) By [24, Lemma 5.2], we know that via the equivalence ¥g, the action of O on N (Ku(Y)) is the same
as twisting by a degree —1 line bundle on C, up to sign.

(b) Since any stability condition o on Ku(Y") is O-invariant, (semi)stability of a vector bundle on C' will be
preserved after the action of W5' 0 O o Wg.

Proof of Theorem 7.1 for degree d = 4. By Lemma 7.4, there exist a pair of integers mi,ms such that
O " o ®[—mg] maps classes v and w to v/ and w'. By the above point (a), such m; is unique. Furthermore,
we can take mo uniquely by imposing the condition that ¥g' o (O~ o ®[—ms]) o ¥s: D*(C) — D*(C)
maps bundles to bundles. We replace ® by O™ o ®[—my)].

By [24, Lemma 5.9], ¥5'(i' Oy) is a second Raynaud bundle’ R on C up to a shift. We know this
bundle is unique on C up to tensoring by a line bundle of degree zero. Thus by the above point (b),
U510 Oy)) = U5 (i'Qy) is also unique up to tensoring by a line bundle of degree zero. Indeed, let R
and R’ be two Raynaud bundles, then we can assume R’ = R® L for a degree 0 line bundle Ly. Note that
O = f.o(—®L_;) for a degree —1 line bundle L_; up to shift, so that O(R') = O(R® Ly) = f«(R)® L,
a degree —1 line bundle L’ ;. On the other hand, O(R) = f.(R) ® L”, for a degree —1 line bundle L” ;.
Hence O(R) and O(R’) differ by a degree 0 line bundle. This proves there is a unique line bundle £y on C’
such that

(Vs o ®(i'Qy)) @ L5 = W'/ (" Qy)
and so the claim follows. O
Proof of Theorem 7.1, in particular, implies the following.
Corollary 7.10.

— Ifd =2, i'Qy is the unique object in the moduli space M, (Ku(Y'),2v) satisfying the following condition:
there is a 2-dimensional sub-locus M’ of the singular locus of the moduli space M,(Ku(Y),2v — w)
such that for any object £ € M’, RHom(&,4' Qy) is a two-term complex.

— If d = 3, i'Qy is the unique object in the moduli space My (Ku(Y),3v) such that for any object
& e M,(Ku(Y),3v — w) whose corresponding point lies on a rational curve in My (Ku(Y),3v — w),
RHom(&,i'Qy) is a two-term complex.

— Ifd = 4, i'Qy is a unique object in the moduli space M, (Ku(Y),4v) up to the action of an auto-
equivalence Ty € Aut’(Ku(Y)) such that RHom(E,i'Qy) is a two-term complex for any object £ €
M, (Ku(Y),—3v +w).

9 It is a semistable vector bundle of rank 4 and degree 4 on a genus 2 curve so that for any line bundle £ of degree zero on C,
we have Hom (L, R) # 0.
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Proof. The first two cases for degree d = 2,3 are a direct result of proof of Theorem 7.1. For d = 4, note
that x(€,7'Qy) = 0. Combining [24, Lemma 5.9] and [38, Theorem 1.1] implies that i' Oy is a unique
object in My (Ku(Y),4(v — w)) up to the action of an auto-equivalence T, € Aut’(Ku(Y)) such that
RHom(&,4' Qy) is a two-term complex for any object £ € M, (Ku(Y),v). Thus taking the rotation functor
O implies the claim. [

7.4. Categorical Torelli theorem

As a result of Theorem 7.1, we show a categorical Torelli theorem for any del Pezzo threefold of degree
2<d<4.

Corollary 7.11. Let Y and Y' be del Pezzo threefolds of degree 2 < d < 4 such that @ : Ku(Y) ~ Ku(Y’) is
an ezact equivalence of Kuznetsov components, then Y =Y.

Proof. By Theorem 7.1, we can assume that @(i!Qy) ~ i"'Qy/. There is an isometry of numerical
Grothendieck group ¢ : N (Ku(Y)) = N (Ku(Y")) induced by ® : Ku(Y) ~ Ku(Y'). As ®(i'Qy) = "' Qy~, we

get ¢(v) = v/ and ¢(w) = w’ by Lemma 7.4. Then the result follows from the uniqueness of Serre-invariant
stability conditions and Theorem 6.2 via the same argument in [19, Corollary 6.11]. O

8. Auto-equivalences of Kuznetsov components of del Pezzo threefolds

In this section, we are going to prove Theorem 8.2 and Corollary 8.4, and describe the auto-equivalences
of Kuznetsov components of del Pezzo threefolds. We begin with a lemma.

Lemma 8.1. Let f,g: Y — Y be two isomorphisms between del Pezzo threefolds of Picard one. If fi|icuy) =
Gxlicuyy: Ku(Y) = Ku(Y”"), then f = g. Thus the homomorphism

Aut(Y) = Aut(Ku(Y)), [ felcur)
18 injective.
Proof. We know f, and g. maps Oy and Oy (1) to Oy, and Oy (1) respectively. For any point p € Y, we
know f,(O,) = Oy, and the same for g. Thus we have
foi*Op) =i"" Oy and g (i"Op) =i Oy -

Since filicuy) = Gelicu(yys we get i'* Oy = 3" Oy, i€, i'* Oy and i'* Oy correspond to the same
point in the moduli space M, (Ku(Y'),dv —w) by Proposition 6.1. Thus the embedding ¥ in (24) implies
that f(p) = g(p) for any point p € Y. Since both ¥ and Y’ are smooth, we get f =g. O

Theorem 8.2. Let Y and Y' be two del Pezzo threefolds of the same degree d where d = 2,3 or 4, and let
®: Ku(Y) — Ku(Y') be an evact equivalence of Fourier—Mukai type such that ®(i'Qy) = i''Qy~. Then
® = filku(y) for a unique isomorphism f:Y — Y.

Proof. Since [i'Qy] = dv € N(Ku(Y)), Lemma 7.4 (a) implies that ® maps v and w to v/ and w’,
respectively. Then Theorem 6.2 shows that for any p € Y, there is a point p’ € Y’/ such that

(i* 0,) 2i'* O, . (31)
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Conversely, for any p’ € Y’, there is p € Y such that the above holds. From Remark 7.2, we also have
®(i' Oy) = "' Oy,. Thus using [29, Proposition 2.5 & Remark 2.2], ® can be extended to an equivalence
Oy (1)* = Oy/(1)*, denoted again by @, so that ®(Oy) = Oy-. Since i* = Lo, Lo, (1), (31) implies that
®(Loy (1)(0p)) = Loy, 1)(Op).
Let j: Oy (1)t — D*(Y) and j' : Oy (1)t — Db(Y”) be the natural inclusions. We know
7 Oy (1) = Ro, (1) (Ox (1)),
so it lies in the triangle

Oy (=1)[2] = j' Oy (1) = Oy (1). (32)

The next step is to compute i*(j' Oy (1)) = Lo, (j' Oy (1)). Using the triangle above, it is easy to see
RHom(Oy, j' Oy (1)) = C¥2 so we have an triangle

0P = j' Oy (1) = Loy (7 Oy (1)) (33)
Thus by taking cohomology we obtain
Oy (-1)[2] = Lo, (j' Oy (1)) = Qv[1]

and so Lo, (j' Oy (1)) = i'Qy [1]. Therefore, we know that ®(Lo,. (j' Oy (1))) = Lo, (j’! Oy (1)). Applying
® to (33) gives a triangle

022 5 3(5' 0y (1)) — i" Oy [1]. (34)
This implies that H~2(®(j' Oy (1))) = Oy (—1) and we have the long exact sequence
0= H H2(j' Oy (1) = Qyr = 0T = HO(D(j' Oy (1)) — 0. (35)

Since j'Oy (1) € Oy(1)*, by the adjunction of mutations, we have RHom(Lo, (1)(Oy),j' Oy (1)) =
RHom(0O,, j' Oy (1)) for any p € Y. Thus we have

RHom(0,, j' Oy (1)) = RHom (Lo, (1)(0,), j* Oy (1)) = RHom(®(Lo, (1) (Op)), ®(j' Oy (1))
= RHom(Lo,,1)(Op), 2(j' Oy (1)) = RHom (O, ®(j' Oy (1))).

Using (32), we know that RHom(O,, j' Oy (1)) = C[-1]@&C[-3]. Hence RHom(O,/, ®(j' Oy (1))) = C[-1]®
C[-3] for any p’ € Y. By Serre-duality, we have

RHom(®(j' Oy (1)),0,) = C & C[-2]. (36)

Then from [4, Proposition 5.4], ®(j' Oy (1)) is quasi-isomorphic to a complex
Ay — A1 S A, (37)
where Ay, is a bundle of rank ry, sitting in degree & in the complex. Note that (37) is a locally-free resolution
of ®(j' Oy (1)). Therefore, we have H°(®(j' Oy (1))) = coker(a) and by applying Hom(—, O,/) to (37), we

have a complex

Hom(Ag, Op) = C™ % Hom(A_1,0,) — Hom(A_, Op).
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Since Hom(®(j' Oy (1)), 0,/) = C, we get ker(@) = C. But note that @ can be factored as Hom(Ag, O,) —
Hom(im(«a), Op) — Hom(A_1, O, ) which implies

hom((im(ca), Op)) > 19 — 1.
Since p’ € Y’ is an arbitrary closed point, we have rk(im(a)) > 7o — 1. Thus rk(H°(®(5' Oy (1)))) < 1. Since
HO(®(5' Oy (1)) sits in an exact sequence (35) and rk(Qy~) = d + 1, we have tk(H°(®(5' Oy (1)))) = 1,
which implies

k(H™(2(j' Oy (1)) = 0.

Since Qy~ is torsion-free, we have H~1(®(j' Oy (1))) = 0 and H°(®(j' Oy (1))) = Oy (1) by definition (9).
Thus ®(5' Oy (1)) lies in the exact triangle

Oy (=1)[2] = (5 Oy (1)) = Oy(1). (38)

Note that Hom(®(j' Oy (1)), ®(j' Oy (1))) = Hom(j' Oy (1),5' Oy (1)) = Hom(j' Oy (1),0y(1)) = C by
(32), so the exact triangle (38) is non-splitting. Since Hom(Oy (1), Oy/(—1)[3]) = 1, we get

©(j' Oy (1)) = j' Oy (1).

Then applying again [29, Proposition 2.5] shows that the equivalence ®: Oy (1)t — Oy/(1)* can be
extended to an equivalence ®: DP(Y) = D?(Y”’) such that ®(Oy (1)) = Oy (1). Then [15, Corollary 5.23]
implies that ® is the composition of f, for an isomorphism f:Y — Y’ with the twist by a line bundle on
Y. Since we know ®(Oy) = Oy, we get ® = f,. Finally, such isomorphism f is unique by Lemma 8.1. O

Remark 8.3. Combining Theorem 7.1 with Theorem 8.2 provides an alternative proof of Categorical Torelli
theorem for del Pezzo threefold of degree 2 < d < 4.

As an application, we obtain a complete description of the group Autpy(Ku(Y)) of exact auto-
equivalences of Ku(Y') of Fourier—Mukai type.

Corollary 8.4. Let Y be a del Pezzo threefold of Picard rank one and degree d, and ® € Autpym(Ku(Y')) be
an auto-equivalence of Ku(Y) of Fourier—Mukai type.

(i) If2 < d < 3, there exist a unique f € Aut(Y) and unique pair of integers my, mq € Z with 0 < my <3
when d =2 and 0 < my <5 when d = 3, so that

®=0"o f*|l€u(Y) © [m2]~

(ii) If d = 4, there exists a unique [ € Aut(Y) and unique pair of integers mi,ms and a unique auto-
equivalence Ty, € Aut®(Ku(Y)) (see Section 7.3 for definition) so that

®=0"o Ty, o f*|ICu(Y) © [m2]
Proof. The result follows from Theorem 7.1 and Theorem 8.2. [J
Remark 8.5. Assume Y/ =Y, then Remark 7.3 and Theorem 8.2 show that the homomorphism

Aut(Y) — Autpm(Ku(Y)),  f = filcu)
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is injective, and its image together with [2] generates the sub-group of auto-equivalences that act trivially
on N(Ku(Y)). This strengthens [21, Lemma B.2.3].

Remark 8.6. For a del Pezzo threefold Y of degree 5, its Kuznetsov component Ku(Y) is equivalent to the
derived category of representations of 3-Kronecker quiver. It is known the group of auto-equivalences of
Ku(Y) is Z x (Z x PGL3(C)) by [34, Theorem 4.3].

Remark 8.7. For index one prime Fano threefold of genus 6 and 8, one can apply similar techniques in
this section to compute the group of auto-equivalences of their Kuznetsov components. Combining with
the results for del Pezzo threefold of degree 2 and 3, we can identify the group of automorphisms of cubic
threefold and correspondent genus 8 prime Fano threefolds and provide another disproof of Kuznetsov’s
Fano threefold conjecture ([23, Conjecture 3.7]). For details, we refer interested readers to the arxiv version
of our paper.

Appendix A. Moduli space of instanton sheaves on quartic double solids

In this section, we fix Y to be a quartic double solid and study the moduli space My (2,0, 2) of semistable
sheaves of rank two, ¢; = 0,¢o = 2, ¢3 = 0 and the Bridgeland moduli space M, (Ku(Y'),2v) of semistable
objects of class 2v in the Kuznetsov component Ku(Y).

A.1. Classifications

As is shown in Proposition 4.1 that up to shift, the o-stable objects of class 2v in the Kuznetsov component
Ku(Y) of a quartic double solid Y is either a two-term complex i'Qy or a Gieseker semistable sheaf of rank
two, ¢; = 0,co = 2 and c¢3 = 0. Denote by E such a sheaf. It is clear that H(Y, E(—1)) = 0 since
E € Ku(Y). Then it is an instanton sheaf in the sense of [32, Definition 6.2]. To study the geometric
structure and properties of the Bridgeland moduli space M, (Ku(Y),2v), first we classify sheaves in the
moduli space Mim5*(2,0,2) of instanton sheaves on Y.

Proposition A.1. Let E € My (2,0,2). Then E ¢ Ku(Y) if and only if it is a locally free sheaf fitting into
an ezact sequence

0—O0y(-1) = Qy — E—0. (39)
If E € Ku(Y), then E is

(1) either a strictly Gieseker-semistable sheaf, which is an extension of two ideal sheaves of lines,
(2) or a non-locally free sheaf fitting into a short exact sequence

0= E— 0P —-Q—0,

where Q = 0c(1) is the theta characteristic of a smooth conic C, or Q) is a sheaf on a codimension two
linear section C of Y given by

0—-0c—=Q—R—0,

where R is a zero-dimensional sheaf on C of length two,
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(3) or a pg-stable vector bundle that E(1) is globally generated and fits into the short exact sequence
0—-Oy(-H)—= E— Ip(H)—0,
where D is the zero locus of a generic section of HY(E(1)), which is a degree 4 smooth elliptic curve.

Proof. If F is strictly Gieseker-semistable, then the result follows from applying Lemma 3.1 to Jordan—
Holder factors. If E is Gieseker-stable, the result follows from Proposition A.4, Lemma A.8 and Proposi-
tion A.9 below. O

In the following, we are going to prove the results that will be used in the proof of Proposition A.1.

Lemma A.2. Let E be a pp-semistable reflexive sheaf of rank two, ¢1(E) = 0 and H°(E)=0. Then E is
wrr-stable.

Proof. If not, its Jordan—Holder filtration with respect to pp-stability has two terms F; < E — FE5 where
E; and B, are pug-stable sheaves with ch<1(E;) = (1,0). Then EYY = Oy since Pic(Y) = ZH. Then taking
the double dual, we get a non-zero map Oy — EVY = E, which contradicts H*(E) = 0. O

Lemma A.3. There is no pg-semistable reflexive sheaf E of classes

(1) ch(E) = (2,0,—3H? a1 H®),
(2) ch(E) = (2,0, —H?,as H?®) where ag # 0, and
(3) ch(E) = (2,0,0,a3H?3) where az # 0.

Moreover, if ch(E) = 2ch(Oy), then E = O%2.

Proof. Note that being rank two and reflexive implies c3(F) > 0 by [14, Proposition 2.6], hence «; > 0.
Then the case (2) follows from Lemma A.2 and Lemma 3.1. And case (3) follows from the same argument
as in [2, Proposition 4.20].

So we only need to prove (1). Assume for a contradiction that F is a pp-semistable reflexive sheaf of
classes ch(E) = (2,0, -4 H?, a1 H®) with a; > 0. We know that there is no wall for E crossing the vertical
line b = —3, so Hom(E, Oy (—2)[1]) = H*(E) = 0. And by py-semistability, we get H(E) = H3(E) = 0,
which implies

200 +1 = x(Oy,E) = —hom(Oy,E[1]) <0
which makes a contradiction. If ch(F) = 2ch(Oy ), then
hom(Oy, E) — hom(Oy, E[1]) = 2.
Thus Jordan—Holder factors of E with respect to the pp-stability are all Oy, and the result follows. O

Proposition A.4. Let E € Ku(Y) be a non-reflexive Gieseker-stable sheaf of character 2v, then E fits into a
short exact sequence

0—E— 0% —=Q—0,

where Q@ = O0c(1) is the theta characteristic of a smooth conic C, or Q is a sheaf on a codimension two
linear section C of Y given by
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0—->0c—>Q—R—0,
where R is a zero-dimensional sheaf on C of length two.
Proof. Taking the reflexive hull of E gives the exact sequence
E—E"Y =Q (40)

where EVV is a reflexive uy-semistable sheaf and Q is a torsion sheaf supported in dimension at most one.
Applying Lemma A.3 to the exact sequence (40) shows that EVY = (’);‘22 and @ is a torsion sheaf of class
ch(Q) = (0,0, H?,0). Since E € Ku(Y) and RHom(Oy (1), EVY) = 0, we know that H°(Q(—1)) = 0. Then
the result follows from Lemma A.7. O

Recall that there is a natural double covering 7: Y — P? (cf. Section 7.1).

Lemma A.5. Let Z C Y be a one-dimensional closed subscheme with H.Z = 1. If Z is pure, then Z is a
line.

Proof. Since H.Z = 1, we see Z is irreducible since it is pure. Then H.Z,..q = 1, which implies that
ker(Oz — Og,..,) is zero-dimensional. But this is impossible since Oy is pure. Hence Z is integral, and
7(Z) C P3 is also an integral subscheme of degree one, which is a line. Since Z C 7~ !(7(Z)) is an irreducible
component, 7~ 1(7(Z)) is reducible. Hence 7~ (7(Z)) is union of two lines on Y, which implies that Z is a
line. O

Lemma A.6. Let C C Y be a pure one-dimensional closed subscheme with H.C' =2 and x(O¢) = 0. Then
C is drreducible and is the intersection of two hyperplane sections of Y. Moreover, C = n~1(w(C)) and
7(C) C P3 is a line.

Proof. If C is reducible, then from H.C' = 2, each component is pure-dimensional with degree one, which is
a line by Lemma A.5. Then these two components are either disjoint which implies x(O¢) = 2, or intersect
at a single point, which gives x(O¢) = 1. Hence C is irreducible.

If HCreq = 2, then C is reduced since O¢ is pure. Then 7(C) is also integral. If the degree of 7(C')
is two, then C' = 7(C) which contradicts [42, Corollary 1.38] since x(O¢) = 0. Thus 7(C) is a line, and
C C 7 1(n(C)). Since 71 (n(C)) is also a degree two curve of genus one, we have C = 7~ 1(7(C)).

If HC\eq = 1, then Creq = [ is a line, and we have an exact sequence 0 — O;(—2) — O¢ — O; — 0.
Thus h°(Oc(1)) = 2. Therefore, we have h°(Z¢(1)) > 2 and C is contained in two different hyperplane
sections S, S” of Y. This implies that C' c SN S’. Since S NS’ is also a degree two curve of genus one, we
have C =SNS =x"(). O

Lemma A.7. Let Q be a coherent sheaf on'Y of class ch(Q) = (0,0, H?,0) with H(Q(—1)) =0 on Y. Then
Q is either

(1) an extension of structure sheaves of lines on'Y,
(2) Q =0c(1), where O¢ is the theta characteristic of a smooth conic C on'Y, or
(3) Q is a sheaf on a codimension two linear section C of Y given by

0—>0c—Q—R—0,

where R is a zero-dimensional sheaf on C of length two.
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Proof. Since x(Q) = 2, we have H(Q) # 0. Let s: Oy — Q be a non-zero map. Then im(s) = Oz, where
Z C Y is a subscheme. Since H°(Q(—1)) = 0, we see H%(Oz(—1)) = 0 and hence Z is pure-dimensional.
Note that if H.Z..q = H.Z, then the kernel of Oz — Oy
H°(Oz(—1)) = 0. Let R := coker(s).

is zero-dimensional, which implies Z = Z,..q by

red

— Assume that H.Z = 1. Then by Lemma A.5, Z is a line and hence H'(Oz(—1)) = 0. Thus ch(R) =
(0,0, HTZ, 0) and H°(R(—1)) = 0. We claim that R is also the structure sheaf of a line. Indeed, by x(R) =
1, we have a non-zero map s’: Oy — R. By the same argument above, we see H°(im(s")(—1)) = 0 and
hence im(s’) is the structure sheaf of line by Lemma A.5. By the reason of Chern characters, we see
im(s’) = R and the result follows.

— Assume that H.Z = 2. First, we assume that R = 0, hence Oz = Q. If H.Z,.q = 1, then Z,.4 is a line by
Lemma A.5. Thus ker(Oz — Oy, ) satisfies properties of R in the first case. The same argument shows
that ker(Oz — Ogz,.,) is also the structure sheaf of a line. If H.Z,.4 = 2, then the kernel of Oz — Oz, _,
is zero-dimensional, which implies Z = Z,..q by H°(Oz(—1)) = 0. Note that Z is reducible, otherwise we
have h°(Oz) = 1, which contradicts x(Oz) = x(Q) = 2. Hence by Lemma A.5, each of the irreducible
components of Z is a line. Since ch(Oz) = (0,0, H2,0), we see Z is an extension of structure sheaves of
two lines.

Now we assume that R # 0. The same argument as in [11, Lemma 3.3] shows that @ is a Oz-module.

— If Z is reducible, then each component of Z has degree one. Hence H.Z,.q = H.Z = 2. This implies
Z = Zyeq as above since H*(Oz(—1)) = 0. By Lemma A.5, Z is a union of two lines. And from R # 0,
we see these two lines intersect with each other. In other words, Z is a reducible conic. Now since Z
is a conic, the same argument as in [11, Lemma 3.3] shows that Z is a smooth conic and @ = 6z(1).

— If Z is irreducible and H.Z,.q = 2, then we also have Z = Z,..4, which implies that h°(Oz) = 1 and
X(Oz) < 1. From [31, Lemma 4.3], we see 0 < x(Oz) < 1. When x(Oz) =1, Z is also a conic, hence
the same argument as in [11, Lemma 3.3] shows that Z is a smooth conic and @Q = 6z(1). When
x(Oz) =0, Z is the intersection of two hyperplane sections by Lemma A.6 and hence length(R) = 2.

— If Z is irreducible and H.Z,.q = 1, then Z,.4 is a line by Lemma A.5. Therefore, we have an exact
sequence 0 — O;(—n) — Oz — O; — 0, where n € Z~g. In particular, we have h°(Oz) = 1 which
implies x(Oz) < 1. From [31, Lemma 4.3], we see 0 < x(Oz) < 1. When x(Oz) =1, Z is a conic. By
[11, Lemma 3.3], Z is smooth and contradicts H.Z,.q = 1. When x(Oz) = 0, we have length(R) = 2
and the result follows. O

Now assume E is a Gieseker-semistable reflexive sheaf of class 2v. It follows from [14, Proposition 2.6]
that F is a locally free sheaf and it is a slope stable locally free sheaf by Lemma A.2.

Lemma A.8. Let E € My (2,0,2) be a bundle with E € Ku(Y'), then E(1) is globally generated and it fits
into the short exact sequence

0—Oy(-H)— E—Ip(H)—0,
where D is a degree 4 smooth elliptic curve as the zero locus of a general section of E(1).

Proof. Note that H*(E(—2)) = H°(EY) = H°(E) = 0 since EY = E. Then from E € Ku(Y), we see
Hi(E(1 —1i)) = 0 for i > 0, thus E(1) is globally generated by Castelnuovo-Mumford regularity. Then
the zero locus of a generic section of E(1) is smooth. The remaining statement follows from the Serre
correspondence. [

On the other hand, the next proposition characterizes a semistable sheaf of rank two, c; = 0,c0 = 2,¢3 =
0, which is not in the Kuznetsov component Ku(Y).
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Proposition A.9. Let E € My (2,0,2), then E & Ku(Y') if and only if E is locally free and fits into an exact
sequence of the form (39).

Proof. By Lemma 3.1, we have RHom(Oy, E) = 0. Note that H'(E(—1)) = H3(E(-1)) = 0 by Serre
duality and stability. Thus from y(E(—1)) = 0, we see E & Ku(Y) if and only if H!(E(—1)) = H*(E(-1)) #
0.

First we assume that E fits into an exact sequence as above. Since Qy is a pg-stable vector bundle
by Lemma 3.3, it is clear that there is a non-zero morphism E — Oy (—1)[1], then Hom(Oy, E(-1)[2]) =
Hom(E, Oy (—1)[1]) # 0 by Serre duality.

Now we assume that H!(E(—1)) # 0. Applying Hom(—, E) to (9) and using RHom(Oy, E) = 0, we
have Hom(Qy, E) = HY(E(-1)) # 0. Let 7 # 0 € Hom(Qy, F). We claim that 7 is surjective and
ker(m) = Oy (—H). Indeed, if rk(im(7)) = 2, then ker(w) is a reflexive torsion-free sheaf of rank one
since Qy is locally free and E is torsion-free. From the smoothness of Y, we know that ker(w) is a line
bundle. By the up-semistability of Qy and E, we know that ¢;(im(w)) = 0, i.e. ¢1(ker(n)) = —H and
ker(m) = Oy (—H). Therefore, we only need to show that rk(im(m)) # 1.

To this end, we assume that rk(im(7)) = 1. Then by the up-semistability, we have ¢;(im(7)) = 0. Thus
ch<(im(m)) = (1,0, —%H?) for a > 1. But we also know that Gieseker-stable implies 2-Gieseker-stable for
E by Lemma 3.2. Thus the only possible case is a > 2. Then ch<s(ker(r)) = (2, —H, “5* H?) witha—1 > 1.
But from the stability of Qy, we know that ker(rw) is also ug-stable. This contradicts [27, Proposition 3.2].
Then the claim is proved.

The only part we remain to show is the local freeness of E. Assume that F fits into (39). If F is
not reflexive, then as in Proposition A.4, we get EVY = (9;'?2. However, using (39) we can compute that
Hom(FE,Oy) = 0, which makes a contradiction. Thus FE is reflexive, and by rk(F) = 2 and ¢3(F) = 0, we
see F is locally free. [

A.2. Singularities of moduli spaces

In this section, we study singularities of stable moduli spaces M{(2,0,2) and M2 (Ku(Y), 2v).
Lemma A.10. We have

(1) RHom(Oy (1), Qy) = C[-1],
(2) RHom(Qy,Qy) =C, and
(3) RHom(Oy (—1),Qy) = C% & C[-1].

Proof. (1) follows from applying Hom(Oy (1), —) to (9). Note that RHom(Oy, Qy) = 0, then (2) follows
from (1) and applying Hom(—, Qy) to (9).

For (3), recall that m, Oy = Ops & Ops(—2). Since Qy = 7*Qps(1), we have H(Qy (1)) = H°(Qp:(2) &
Qps). Thus h°(Qy (1)) = 6 by the standard result on P3. And by (9), we get H*(Qy (1)) = 0 for i > 1.
Then the result follows from x(Qy (1)) =5. O

Lemma A.11. We have RHom(i'Qy,i'Qy) = C & C%[—-1] & C[-2].

Proof. By the adjunction of i and ', we have RHom(i!QY7 Qy) = RHom(i!Qy,i!Qy). Then the result
follows from applying Hom(—, Qy) to (12) and using Lemma A.10. O

Lemma A.12. Let E € My (2,0,2) and E ¢ Ku(Y), then RHom(E, E) = C & C°[-1] & C[-2].
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Proof. Since E is stable, we have Hom(F, E) = C. And by stability we get Ext*(E, E) = Hom(E, E(-2)) =
0. To prove the statement, we only need to show ext?(E, E) = 1.

We compute ExtQ(E,E) via the standard spectral sequence (see e.g. [36, Lemma 2.27]) and (39). We
have a spectral sequence with the first page

Ext?(Qy, Oy (-1)), p=—1

BT = Ext?(Oy (-1), Oy (-1)) @ Ext?(Qy, Qy), p=0
Ext?(Oy(-1), Qy), p=
0, p<—2,p>2

and convergent to Ext?"(E, F). Then using Lemma A.10, we obtain ext?(E, E) = 1 and the result follows.

Remark A.13. Denote by M™ the locus of Gieseker-semistable sheaves E € My (2,0,2) but E ¢ Ku(Y). By
Lemma A.12 the locus M™ is everywhere singular. But according to Lemma A.10 and (39), the reduction
M, of such locus is isomorphic to PHom(Oy (—1), Qy) = P5. In the following section A.3, we show it is
contracted to a singular point in the Bridgeland moduli space M, (Ku(Y"),2v) via projection functor i*. O

A.3. Bridgeland moduli space

Finally, we study the relation between My (2,0,2) and M, (Ku(Y),2v).
Lemma A.14. Let E € My (2,0,2) such that E ¢ Ku(Y). Then i*E = i'Qy-.

Proof. Note that i* Oy (—1)[1] 2 i'Qy. Then applying i* to (39), we only need to show i*Qy = 0. By
definition, we get an exact triangle

Oy (1)[-1] = Qy — Lo, 1)y,
where s is the unique non-zero map in Hom(Oy (1)[—1], Qy) up to scalar. We claim that the induced map
Lo, (s): Loy Oy (1)[-1] = Lo, Qv
is an isomorphism, which implies ¢* Qy = 0. Indeed, we have an exact triangle
Oy (D[-1] > Qy — OF*
which comes from (9). Since Lo, Oy = 0, the claim follows. O

Proposition A.15. Let Y be a quartic double solid and o be a Serre-invariant stability condition on Ku(Y).
Then the projection functor i* induces a morphism

p: My (2,0,2) » My (Ku(Y),2v)
such that contracts M™ to a singular point represented by i' Qy, and is an isomorphism outside M™.

Proof. Note that up to shift, all strictly o-semistable objects are extensions of two ideal sheaves of lines,
which are exactly all strictly Gieseker-semistable of class 2v by Theorem A.1. Thus ¢* affects nothing on the
strictly Gieseker-semistable locus. From Lemma 4.4, we also know that i'Qy is o-stable. Then the result
follows from Theorem A.1, Lemma A.14 and Lemma A.11. [
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Remark A.16. It looks plausible that for generic quartic double solids Y, the only singular point in
M (Ku(Y'), 2v) would be the point [i'Qy]. As a result, up to composing with O and [1], any exact equiv-
alence ® : Ku(Y) ~ Ku(Y') would send i'Qy to i’'Qy, then by Theorem 6.2, we can get an alternative
proof of categorical Torelli theorem for generic quartic double solids.
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